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ON THE LATTICE OF IDEALS OF AN MV -ALGEBRA
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ABSTRACT. For an MV-algebra (A, +,”,0) we denote by I(A) the set of all ideals of
A. For I, I, € I(A) we define [y Aly = 1 N 1s, [} V I; = the ideal generated by 1, U /s,
and for T € T(A), I"={a € A:aNx =0 for every v € T}.

The aim of this paper is to prove that (/(A),V,A,*,{0}, A) is a Boolean lattice iff
A is a finite Boolean lattice relative to the natural order on A (Theorem 2.8.)

1 Definitions and preliminaries

Definition 1.1 [2,3]. An MV -algebra is an algebra (A, +,*,0) of type (2,1,0) satisfying
the following equations:

(e +y)* +y=(y" +2) +=

MYV -algebras were originally introduced by Chang in [2] in order to give an algebraic
counterpart of the Lukasiewicz many valued logic (MV=many valued). Note that axioms
MV1)-MVs) state that (A, +,0) is an abelian monoid; following tradition, we denote an
MV -algebra (A, +.* ,0) by its universe A.

Remark 1 If in MVy) we put y = 0 we obtain o™ = 0** 4+ z, so, 1f 0** =0 then 2™ =«
for every x € A. Hence, the aziom MVy) is equivalent with MV)) 0** = 0.

Ezamples:
E;) A singleton {0} is a trivial example of an MV-algebra; an MV -algebra is said
nontrivial provided its universe has more that one element.

E,) Let (G,®,—,0,<) an l-group. For each v € G, u > 0, let
[0,u] ={r e G:0<a <u}

and for each z,y € [0,u], let 2+y = u A (z @ y) and 2* = v — 2. Then ([0, u],+,*,0) is an
MYV -algebra. In particular, if consider the real unit interval [0, 1] and for all z,y € [0,1] we
define &y = min{l, 2 + y} and #* = 1 — z, then ([0,1],®,*,0) is an MV -algebra.

Es) If (A, V,A,*,0,1) is a Boolean lattice, then (A4,V.*,0) is an MV -algebra.
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E,) The rational numbers in [0, 1], and, for each integer n > 2, the n-element set

L, = {O, (nl_l) s ey %, 1} vield examples of subalgebras of [0, 1].

E5) Given an MV-algebra A and a set X, the set AN of all functions f : X — A
becomes an MV -algebra if the operations + , and * and the element 0 are defined pointwise.
The continous functions from [0, 1] into [0, 1] form a subalgebra of the MV -algebra [0, 1]1%!].

In the rest of this paper, by A we denote an MV -algebra.

On A we define the constant 1 and the operations ,,-” and ,,—” as follows: 1 = 0%
rry=(2*+y*) and e —y =2 -y* =(2*+y)* (we consider the * operation more binding
that any other operation, and the ,,-” more binding that + and -).

Lemma 1.2 [3,4] For x,y € A, the following conditions are equivalent:
(i) z*+y=1

(i) z-y*=0

(iii) y =2+ (y—x)

(iv) There is an element z € A such that v +z = y.

For any two elements «, y € A let us agree to write « < y iff x and y satisfy the equivalent
conditions (i)-(iv) in the above lemma. So, < is a partial order relation on A (which is called
the natural order on A).

Theorem 1.3 [3,4] If x,y,z € A then the following hold:
c) 1*=0

) vty=(a"y")

cz) c+1=1

e) (r-v)ty=(y—2)+z

cs) v +a*=1

) z2—0=2,0—2=0,z—2=0,1—-a=a*2—-1=0
cr)rtae=xiffv-x=x

cs) v <y iffy* <a*

) Ife<y thena+z<y+zandz-z2<y-z

cpo) Ife <y, thenax —z<y—zand z—y<z—ua

ci) v—y<azax—y<y'

ci2) (z+y)—z<y

ci3) z-z<yiffe<a*+y

cuu) t+y+ar-y=z+y
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Remark 2 [3,4] On A, the natural order determines a bounded distributive lattice structure.
Specifically, the join x Vy and the meet x Ay of the elements z and y are given by:
sVy=(x—y)+y=y—2)+z
r Ay =(x*Vy*)*
Clearly, v -y <z ANy<z<zVy<z+y.
For each © € A, we let 02 = 0, and for each integer n > 0, (n + 1)x = na + z.
Theorem 1.4 [3,4] If x,y, z,(z;)icr are elements of A, then the following hold:
ci5) w4y =(zVy)+(zAy)

Ci6) x-y:(:z:\/y)~($/\y)

ci7) x—l—(\/ :ci) =V (z+ )

€1 el

Cig) r—l—(/\ ;L1> = Az + ;)

el el

q@w(V%):V@wﬁ

7 €T

Q@x(A%)—A@mg

(174 €1

C21) T/\(\/ 1:> =V(zAz;)

el el

c22) TV (/\ ;L“l') = A(z Va;) (if all the suprema and infima exist).
T ier

Lemma 1.5 For every x,y,z € A we have

cas) (z+y)—z<(v—2)+(y—2)

Proof. We have ((z+y)—2)*+(z—2)+(y—2)=(r+y) ' +z4+(z—2)+(y—2) =
(r+y) +E+-2)+y—2)=(@+y) +@Vz)+y—2)=
(T4 + (V) (= 2) " @+ y) + (o (g —2) V(2 + (g — 2) "=
(et + @+ Vyve) =+ + (e + @y —2) vy v =T
(+y) +(@Vvy)+(y—2)Vy))Va)=(+y) +{((x Vy) +y) V=)

So, to prove co3 it suffices to prove  +y < ((z Vy) +y) V z which result from cg (since
z<zVy hencex+y<(zVy+y<((z—y)+y Vvz.H

2 The lattice of ideals of an MV-algebra

Definition 2.1 A ideal of an MV -algebra A is a non-void subset I of A satisfying the
Jollowing conditions:

L)) Ifzel,yc Aandy <z, thenyel

L) Ifz,y €I thena+ ye 1.
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We denote by I(A) the set of all ideals of A. For M C A we denote by (M] the ideal of
A generated by M (that is (M] =n{I € I(A)|M C I}). If M = {a} with a € A, we denote
by (a] the ideal generated by {a}((«a] is called principal)

Proposition 2.2 [3,4]
(1) If M C A, then Ml={x€ Az <x1+..4+x, for some x1,...,2, € M}.
In particular, for a € A, (a] ={x € A: 2 <na for some integer n > 0}.
(1) If Iy, Io € I(A), then

LV, def (I, Ul]={a€ A:a<ay+as for some 1 € I and z9 € I}

(i) If 2, € A, then (2] 0 (4] = (v A y] (seeld, p.112])

For I € I(A) and a € A\ I we denote by I(a) = (a]V I = (I U{a}].
Remark 3 [3,4] For I(a) we have the next characterization:

I(a) ={2 € A: 2 <y + (na) for some y € I and integer n > 0}.
Proposition 2.3 Fora € A\I ,I(a)={x €Az —acl}

Proof. Let I, ={s € A: 2 —a € 1}.Since a —a =0 € I we deduce that a € I, .Since
forx el .,z —a<uz (byci) we deduce that © —a € I, hence I C I,. To prove I, € I(A)
we observe that 0 —a=0¢€ I, hence 0 € I,. If + <y and y € I,, then from 2z —a <y —a
(cio) andy —a € I wededucex —a € I , hence x € I,. Let 2,y € I, thatisa —a,y—a €I
. From Lemma 1.5. we have (z +y) —a < (z — a) + (y — a), hence (z +y) — a € I that
iszx4y€el,Fromael,, I CI,and I, € I(A) we deduce I(a) C I,. Let now .J € I(A)
suchthat a € Jand I CJ . fe €l,, thenz —a€ I CJ henceaVa=(z—a)+ac€]
Since < 2 V a we deduce x € J that is I, C J, hence I, CNJ = I(a). ;From I(a) C I,
and I, C I(a) we deduce I, = I(a).1

Corollary 2.4 If z,y € A then (2] V (y] = (= + y].
Proof 1: By Proposition 2.3. we have
2]V (4] = (4)(e) = {a € Asa—w € (]}
Since by ¢12 (z +y) — 2 <y, we deduce @ +y € (2] V (y] , hence (¢ +y

the inclusion (2] V (y] C (z + y] is obviously, we obtain the equality (z] V (y] = (s
Proof 2: It is suffices to show the inclusion (z + y] C (2] V (y]. If
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For Il,IQ S I(A), we put Il /\Iz = Il QIQ 5 Il \/Iz = (Il UIZ]7II — IQ = {(1 S A :
((1} N Il g IQ}
Then (I(A), V,A,{0}, A) is a complete Brouwerian lattice ([4, p.114]); we recall that a

complete lattice is Brouwerian if it satisfies the identity a A [ \/ b; ) = \/ (a A by).
€1 el
Lemma 2.5 If I, I, € I(A), then
(1) I} — I, € I(A)
(1) If I € I(A), then LhNI C I, iff I C I, — I, (that 1s, , — I, = sup{l € I(A):
LNICIL}).
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Proof (1) Since (0N Iy C I, we deduce that 0 € ) — I . If 2,y € A, v < y and
y € I; — I, then (y] NIy C I,. Since (2] C (y] we deduce that (2]N Iy C (y]N I C I,
hence v € Iy — I. Let now z,y € Iy — Iy; then (2] NIy C I and (y]N 1 C I,. We
deduce ((z]NI1)V((y]NI) C I, hence ((z]V(y])N 1y C Iz, s0 (z+y]NI; C I, (by Corollary
24.), thatisa +y € I — I.

(ii) (=) Let I € I(A); then 1L NI C I, . If # € I then (¢]NI; CINI C I, hence
1’611 —>]2 ,thatis[§11—>]2.

(<) We suppose I C I} — Ir and let « € I; N[ ; then @ € I, hence z € I} —» I,
that is (] N Iy C I,. Since x € (z] NIy, then « € I, thatis 1 NI C I,.A

Remark 4 ;From Lemma 2.5. we deduce that (I(A), V,A,—. {0}, A) is a Heyting alge-
bra; for I € I(A), I* =1 — {0} ={z € A: (2]nI={0}}.

Corollary 2.6 (1) For every I € I(A), I* ={a € A: 2 Ay =0 for every y € I} (seef4,
p114])
(1) For any x € A, (z]* ={y € A: (y]N(z] = {0} ={y € A: x Ay = 0} (by Proposition

We recall that for a bounded distributive lattice L, following tradition , by B(L) we
denoted the Boolean lattice of complemented elements in L.

For an MV -algebra (A, 4+,*,0,1) we shall denote by B(A) the Boolean lattice associated
with the bounded distributive lattice (A4, V,A,0,1).

Proposition 2.7 [4, p. 127] For every x € A, the following conditions are equivalent:
(i) x € B(A)
(zz) r4+xr=2a
(iv) x ANa* =0
(v) & Va* =1

Theorem 2.8 If A s an MV -algebra, then the following conditions are equivalent:
(i) (I(A),V,A,*, {0}, A) is a Boolean lattice
(i1) (A,V,A,*,0,1) is a finite Boolean lattice.

Proof (1)=(ii). Let « € A; since I(A) is a Boolean lattice then
(z] vV (2]* = A. By Proposition 2.3. and Corollary 2.6. (ii), we have
(z]V(z]* =(2]"(e) ={ye Ary—v e (2]*} ={y € A: (y—2)Az = 0}. Since (z]V(z]* = A,
then 1 € (2] V (2]*, hence (1 —z) Az = 0. We obtain that 2* A ¢ = 0, hence x € B(A)
(by Proposition 2.7.(iii)), that is (A4,V,A,*,0,1) is a Boolean lattice.To show that A is
finite it suffices to prove that every ideal of A is principal ([5, p.77]).If I € I(A), because
I(A) is supposed Boolean lattice then IV I* = A, hence 1 € IV I* . By Proposition 2.2.
(i1),1 = a + b with @ € I and b € I*. By Corrollary 2.6.(i), z Ab = 0 for every z € I . So
(*VU) =0<= " Vb =1l (z+b) +b =1<= 240" <b" < x+b* ="
for every @ € I . Since a + b = 1 we obtain 0* < a hence = 4+ b* = b* < a for every = € 1.
Finally, we obtain z < z 4 b* < a, hence = < a for every = € I, that is I = (a].

(il)=(i). Suppose (A,V,A,*,0,1) is a finite Boolean lattice. By Remark 4, I(A4) is
a Heyting algebra. To prove I(A) is a Boolean lattice we must show I* = {0} only for
I = A ([1, p.175]). Since in finite Boolean lattice every ideal is principal, then I = (a] for
some a € A. By Corollary 2.6. (i), I* = (a]* ={z € A: x Aa = 0}. Since I* = {0} and
a* Na=0, then a* =0, hence a=1s0o I = (1] = AN
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