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Abstract. In this paper, we prove a nonlinear strong ergodic theorem for families of

asymptotically nonexpansive mappings from a compact convex subset of a strictly convex

Banach space into itself.

1. Introduction

The �rst nonlinear ergodic theorem for nonexpansive mappings with bounded domains in

a Hilbert space was proved by Baillon [3]. Baillon and Brezis [4] also proved the following

nonlinear ergodic theorem for nonexpansive semigroups in a Hilbert space : Let C be a

nonempty closed convex subset of a Hilbert space and let S = fS(t)j t � 0g be a nonexpan-

sive semigroup on C with F (S) 6= ;. Then, for every x 2 C, 1
t

R t
0
S(�)xd� converges weakly

to some y 2 F (S). Hirano and Takahashi [8] extended Baillon and Brezis's theorem to

an asymptotically nonexpansive semigroup. Hirano and Takahashi's theorem was extended

to a uniformly convex Banach space whose norm is Fr�echet di�erentiable by Tan and Xu

[11]. On the other hand, Atsushiba and Takahashi [2] obtained a nonlinear ergodic theorem

for nonexpansive semigroups with compact domains in a Banach space which generalizes

Dafermos and Slemrod's result [7] : Let C be a nonempty compact convex subset of a

strictly convex Banach space and let S = fS(t)j t � 0g be a nonexpansive semigroup on C.

Then, for every x 2 C, 1
t

R t
0
S(� + h)xd� converges strongly to some y 2 F (S) uniformly in

h � 0.

In this paper, we extend Atsushiba and Takahashi's theorem to an asymptotically non-

expansive semigroup by using the methods employed in Atsushiba and Takahashi [1, 2],

Bruck [5, 6] and Shioji and Takahashi [10].

2. Preliminaries and Lemmas

Throughout this paper, a Banach space is real and we denote by N and R+, the set of

all positive integers and the set of all nonnegative real numbers, respectively. We denote

by �n the set f� = (�1; �2; : : : ; �n) j�i � 0;
Pn

i=1
�i = 1g for n 2 N. Let E be a Banach

space and let r > 0. We denote by Dr(x) the open ball in E with center x and radius

r. For a subset C of E, we denote by coC the convex hull of C. E is said to be strictly

convex if
kx+yk

2
< 1 for x; y 2 E with kxk = kyk = 1 and x 6= y. Let C be a subset

of E, let T be a mapping from C into itself and let " > 0. By F"(T ), we mean the set

fx 2 C j kx� Txk � "g. Let K > 0. We denote by Lip(C;K), the set of all mappings from

C into itself satisfying kTx�Tyk � Kkx� yk for each x; y 2 C. We denote by � the set of
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all strictly increasing, continuous convex functions :R+ 7�! R+ with (0) = 0. Let C be

a nonempty subset of E. C is said to satisfy the convex approximation property if for any

" > 0, there exists m 2 N such that coM � comM +D"(0) for every subset M of C, where

comM = f
Pm

i=1
�ixi jxi 2M; �i � 0;

Pm

i=1
�i = 1g.

A family S = fS(t) j t � 0g is said to be an asymptotically nonexpansive semigroup on C

with Lipschitz constants fk(t) j t � 0g if

(i) for each t � 0, S(t) is a mapping from C into itself and kS(t)x�S(t)yk � k(t)kx�yk
for each x; y 2 C;

(ii) S(t+ s)x = S(t)S(s)x for each t; s � 0 and x 2 C;

(iii) S(0)x = x for each x 2 C;

(iv) for each x 2 C, the mapping t 7! S(t)x is continuous.

(v) t 7! k(t) is continuous mapping from the set of nonnegative real numbers into itself;

(vi) lim supt!1 k(t) � 1.

S is said to be a nonexpansive semigroup on C if k(t) = 1 for all t � 0. We denote by F (S),
the set of common �xed points of S = fS(t) j t � 0g, i.e., \t�0fx 2 C jS(t)x = xg. The

following lemmas was obtained by Bruck [5, 6].

Lemma 2.1. Let C be a nonempty compact convex subset of a strictly convex Banach

space. Then, there exists  2 � such that for each K > 0 and T 2 Lip(C;K),

kT (�x+ (1� �)y)� (�Tx+ (1� �)Ty)k � K�1
�
kx� yk �

1

K
kTx� Tyk

�

holds for every x; y 2 C and � 2 [0; 1].

Lemma 2.2. Let C be a nonempty compact convex subset of a strictly convex Banach

space. Then, for each p 2 N, there exists p 2 � such that for each K > 0 and T 2
Lip(C;K),

 T
� pX
i=1

�ixi

�
�

pX
i=1

�iTxi

� K�1p

�
max

1�i;j�p

n
kxi � xjk �

1

K
kTxi � Txjk

o�

holds for every x1; x2; : : : ; xp in C and � = (�1; �2; : : : ; �p) 2 �p.

Following ideas in Atsushiba and Takahashi [1, 2], we can show the following lemma.

Lemma 2.3. Let C be a nonempty compact convex subset of a strictly convex Banach

space and let S = fS(t) j t � 0g be an asymptotically nonexpansive semigroup on C. Let

x 2 C and t > 0. Then, for each " > 0, there exist l0 = l0(t; ") � 0 and m0 = m0(t; ") � 0

such that  1

t

Z t

0

S(l +m+ �)x d� � S(l)
�1
t

Z t

0

S(m+ �)x d�
� < "

for every l � l0 and m � m0.

Proof. Let x 2 C, t > 0 and " > 0. Let fk(t) j t � 0g be Lipschitz constants of S.
Put supfk(t) j t � 0g = M0. Since fk(t) j t � 0g is bounded, M0 < 1 holds. >From the

assumption of S, we have 1

t

Z t

0

S(l +m+ �)x d� �
1

n

nX
i=1

S
�
l+m+

t

n
i
�
x



�
1

t

nX
i=1

Z i

n
t

i�1

n
t

 S(l +m+ �)x� S
�
l +m+

t

n
i
�
x
 d�
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�
M0

t

nX
i=1

Z i

n
t

i�1

n
t

 S(�)x� S
� t
n
i
�
x
 d�

�
M0

t

nX
i=1

�
M0 �

t

n

�
sup

0��� t

n

 S(�)x � S
� t
n

�
x

��

=M2

0
� sup
0��� t

n

 S(�)x � S
� t
n

�
x
�! 0 ;

as n!1, uniformly in l;m � 0. Similarly, we have

 S(l)
�
1

t

Z t

0

S(m+ �)x d�

�
� S(l)

�
1

n

nX
i=1

S
�
m+

t

n
i
�
x

� �! 0 ;

as n!1, uniformly in l;m � 0. So, there exists N1 2 N such that

 1

t

Z t

0

S(l+m+ �)x d� �
1

n

nX
i=1

S
�
l +m+

t

n
i
�
x

< "

3

and  S(l)
�
1

t

Z t

0

S(m+ �)x d�

�
� S(l)

�
1

n

nX
i=1

S
�
m+

t

n
i
�
x

� < "

3

for every n � N1 and l;m � 0. Hence we get

 1

t

Z t

0

S(l +m+ �)x d� � S(l)

�
1

t

Z t

0

S(m+ �)x d�

� (1)

�

 1

t

Z t

0

S(l +m+ �)x d� �
1

n

nX
i=1

S
�
l +m+

t

n
i
�
x



+

 1

n

nX
i=1

S
�
l +m+

t

n
i
�
x� S(l)

�
1

n

nX
i=1

S
�
m+

t

n
i
�
x

� 

+

 S(l)
�
1

n

nX
i=1

S
�
m+

t

n
i
�
x

�
� S(l)

�
1

t

Z t

0

S(m+ �)x d�

� 

�
2

3
"+

 1

n

nX
i=1

S
�
l +m+

t

n
i
�
x� S(l)

�
1

n

nX
i=1

S
�
m+

t

n
i
�
x

� 
for every n � N1 and l;m � 0. Fix n 2 N with n � N1. Without loss of generality, we

assume that k(l) > 0 for all l 2R+. >From Lemma 2.2, there exists n 2 � such that

 1

n

nX
i=1

S
�
l +m+

t

n
i
�
x� S(l)

�
1

n

nX
i=1

S
�
m+

t

n
i
�
x

� (2)

� k(l)�1n

�
max

1�i;j�n

n S�m+
t

n
i
�
x� S

�
m+

t

n
j
�
x


�
1

k(l)

 S�l +m+
t

n
i
�
x� S

�
l +m+

t

n
j
�
x
o�

for every l;m � 0. >From n 2 �, there exists Æ > 0 such that

k(l)�1n (Æ) <
"

3
(3)
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for every l � 0. For 1 � i; j � n, we set ri;j = inf
m�0

 S�m+
t

n
i
�
x�S

�
m+

t

n
j
�
x
 : There

exists m1 � 0 such that
 S�m1 +

t

n
i
�
x� S

�
m1 +

t

n
j
�
x
< ri;j +

Æ

4
: By lim sup

l!1
k(l) � 1,

there exists l1 > 0 such that

k(l) �
ri;j +

Æ

2

kS(m1 +
t

n
i)x� S(m1 +

t

n
j)xk+ Æ

4

for every l � l1. So, we have S�l +m1 +
t

n
i
�
x� S

�
l +m1 +

t

n
j
�
x


� k(l)
 S�m1 +

t

n
i
�
x� S

�
m1 +

t

n
j
�
x
� ri;j +

Æ

2

for every l � l1. Put m2 = m2(i; j) = l1 +m1. Then, there holds S�m+
t

n
i
�
x� S

�
m+

t

n
j
�
x
� ri;j +

Æ

2

for every m � m2. Similarly, there exists l2 = l2(i; j) � 0 such that

ri;j �
Æ

2
�

1

k(l)

 S�l +m+
t

n
i
�
x� S

�
l +m+

t

n
j
�
x


for every l � l2 and m � m2. Let

l0 = maxfl2(i; j) j 1 � i; j � ng and m0 = maxfm2(i; j) j 1 � i; j � ng:

Then, we have

0 � max
1�i;j�n

n S�m+
t

n
i
�
x� S

�
m+

t

n
j
�
x
(4)

�
1

k(l)

 S�l+m+
t

n
i
�
x� S

�
l +m+

t

n
j
�
x
o � Æ

for every l � l0 and m � m0. So, it follows from (1), (2), (3) and (4) that 1

t

Z t

0

S(l +m+ �)x d� � S(l)

�
1

t

Z t

0

S(m+ �)x d�

� 
�

2

3
"+ k(l)�1n (Æ) �

2

3
"+

"

3
= "

for every l � l0 and m � m0.

The following lemma was obtained by Atsushiba and Takahashi [1].

Lemma 2.4. Let C be a nonempty compact subset of a Banach space. Then, C satis�es

the convex approximation property.

The following lemmas were obtained by Nakajo and Takahashi [9].

Lemma 2.5. Let C be a nonempty compact convex subset of a strictly convex Banach

space. For each " > 0, there exists Æ > 0 such that coFÆ(T ) � F"(T ) holds for every

T 2 Lip(C; 1 + Æ), where coA is the closure of the convex hull of A.

Lemma 2.6. Let C be a nonempty closed bounded convex subset of a Banach space. Let

 2 �, L � 1 and T 2 Lip(C;L) such that

kT (�x+ (1� �)y)� (�Tx+ (1� �)Ty)k � L�1
�
kx� yk �

1

L
kTx� Tyk

�
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for all x; y 2 C and � 2 [0; 1]. Let fxng and fyng be sequences in C such that
1

n

nX
i=1

kxi+1�

Txik � an and
1

n

nX
i=1

kyi+1 � Tyik � an for all n 2 N, where fang is a sequence in R+.

Then, for each n 2 N and � 2 [0; 1],

1

n

nX
i=1

k�xi+1 + (1� �)yi+1 � T (�xi + (1� �)yi)k � L�1
�R
n
+ (L� 1)R+ 2an

�
+ an ;

where R = diamC.

Lemma 2.7. Let C be a nonempty compact convex subset of a strictly convex Banach

space. Then, for any " > 0, there exist Æ > 0 and N0 2 N such that for every T 2
Lip(C; 1 + Æ) and fxng in C satisfying kxn+1 � Txnk � Æ for all n 2 N [ f0g, there holds

1

n

n�1X
i=0

xi 2 F"(T ) for every n � N0.

Lemma 2.8. Let C be a nonempty compact convex subset of a strictly convex Banach

space. Then, for each " > 0, there exist Æ > 0 and N0 2 N such that for every l 2 N and

mapping T from C into itself satisfying T l 2 Lip(C; 1 + Æ), there holds 1

m

m�1X
i=0

T ix� T l

�
1

m

m�1X
i=0

T ix

� � "

for all m 2 N with m� 1 � lN0 and x 2 C.

As in the proof of [10], we have the following lemma. However, for the sake of complete-

ness, we give the proof.

Corollary 2.9. Let C be a nonempty compact convex subset of a strictly convex Banach

space and let S = fS(t) j t � 0g be an asymptotically nonexpansive semigroup on C. Then,

lim sup
l!1

lim sup
t!1

sup
x2C

 1

t

Z t

0

S(�)x d� � S(l)

�
1

t

Z t

0

S(�)x d�

� = 0:

Proof. Let fk(t) j t � 0g be Lipschitz constants of S. Let " > 0. There exist Æ > 0 and

N0 2 N which satisfy the condition in Lemma 2.8. >From lim sup
l!1

k(l) � 1, there exists

l0 � 0 such that k(l) < 1 + Æ for every l � l0. Let l > l0. Then, there exists tl > 0 such

that
1

N0

�
l

t
for all t � tl. Let t � tl. For each n 2 N, let jn be the nonnegative integer

which satis�es t �
jn

n
� l < t �

jn + 1

n
. Then, n � jnN0 for every n 2 N and by l > l0, there

exists n0 2 N such that t �
jn

n
� l0 for all n � n0. Hence, from Lemma 2.8 we get

 1

n+ 1

nX
i=0

S
� t
n
i
�
x� S

� t
n
jn

�� 1

n+ 1

nX
i=0

S
� t
n
i
�
x

� < "

for every n � n0 and x 2 C. So, we have 1

t

Z t

0

S(�)x d� � S(l)

�
1

t

Z t

0

S(�)x d�

� 
�

 1

t

Z t

0

S(�)x d� �
1

n+ 1

nX
i=0

S
� t
n
i
�
x
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+

 1

n+ 1

nX
i=0

S
� t
n
i
�
x� S

� t
n
jn

�� 1

n+ 1

nX
i=0

S
� t
n
i
�
x

� 

+

 S
� t
n
jn

�� 1

n+ 1

nX
i=0

S
� t
n
i
�
x

�
� S

� t
n
jn

��1

t

Z t

0

S(�)x d�

� 
+

 S
� t
n
jn

��1

t

Z t

0

S(�)x d�

�
� S(l)

�
1

t

Z t

0

S(�)x d�

� 
� (2 + Æ)

 1

t

Z t

0

S(�)x d� �
1

n+ 1

nX
i=0

S
� t
n
i
�
x


+ "+

 S
� t
n
jn

��1

t

Z t

0

S(�)x d�

�
� S(l)

�
1

t

Z t

0

S(�)x d�

� 
for every n � n0 and x 2 C. Tending n to in�nity, we get 1

t

Z t

0

S(�)x d� � S(l)

�
1

t

Z t

0

S(�)x d�

� � "

for every x 2 C. So,we have

lim sup
l!1

lim sup
t!1

sup
x2C

 1

t

Z t

0

S(�)x d� � S(l)

�
1

t

Z t

0

S(�)x d�

� � ":

Since " > 0 is arbitrary, we obtain the conclusion.

Remark. We can obtain F (S) 6= ;. In fact, let x 2 C and put xt =
1

t

Z t

0

S(�)x d� for

every t > 0. Since C is compact, there exists a subnet fxt�g of fxtg such that xt� converges

strongly to some x0 in C. So, we have

0 = lim sup
l!1

lim sup
t!1

kxt � S(l)xtk

= lim sup
l!1

lim sup
�

kxt� � S(l)xt�k = lim sup
l!1

kx0 � S(l)x0k

and hence

kx0 � S(s)x0k � lim sup
l!1

kx0 � S(l)x0k+ lim sup
l!1

kS(l)x0 � S(s)x0k

� 0 + k(s) � 0 = 0

for every s � 0. Therefore x0 2 F (S).

3. Strong ergodic theorem

The following is crucial to prove our theorem.

Lemma 3.1. Let C be a nonempty compact convex subset of a strictly convex Banach

space and let S = fS(t) j t � 0g be an asymptotically nonexpansive semigroup on C. Let

x 2 C. Then, there exists a net fitgt�0 � R+ such that lim
t!1

 1

t

Z t

0

S(� + it)x d� � z


exists for every z 2 F (S).

Proof. We use the methods employed in Atsushiba and Takahashi [1, 2]. >From Lemma

2.3, there exist nets fitgt�0 in R+ and fltgt�0 in R+ such that 1

t

Z t

0

S(l+ i+ �)x d� � S(l)

�
1

t

Z t

0

S(i+ �)x d�

� < 1

t
(5)
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for every t > 0, i � it and l � lt. Let z 2 F (S). For every s; t > 0, consider

I =

 1

s

Z s

0

S(is + it + �)x d� � z


=

 1

s

Z s

0

�1
t

Z t

0

S(� + � + is + it)x d�
�
d�

+
1

st

Z t

0

(t� �)fS(� + is + it)x� S(s+ � + is + it)xg d� � z

 ;
I1 =

 1

st

Z t

0

(t� �)fS(� + is + it)x� S(s+ � + is + it)xg d�

 ;
I2 =

 1

s

Z s

0

�1
t

Z t

0

S(� + � + is + it)x d�
�
d�

�
1

s

Z s

0

S(� + is)
�1
t

Z t

0

S(� + it)x d�
�
d�


and

I3 =

 1

s

Z s

0

S(� + is)
�1
t

Z t

0

S(� + it)x d�
�
d� � z

 :
Then, we have I � I1 + I2 + I3. Fix t > 0 and put R = diamC. We have

I1 �
1

st

Z t

0

(t� �)R d� =
t

2s
R

for every s > 0. It follows from (5) that

I2 �
1

s

Z s

0

 1

t

Z t

0

S(� + � + is + it)x d� � S(� + is)
�1
t

Z t

0

S(� + it)x d�
�  d�

�
1

s

Z s

0

1

t
d� =

1

t

for every s > 0 with is � lt. By z 2 F (S), we obtain

I3 �
1

s

Z s

0

 S(� + is)
�1
t

Z t

0

S(� + it)x d�
�
� z

 d�

�
1

s

Z s

0

k(� + is)

 1

t

Z t

0

S(� + it)x d� � z

 d�

=

�
1

s

Z s

0

k(� + is) d�

�
�

 1

t

Z t

0

S(� + it)x d� � z


for every s > 0, where fk(t) j t � 0g is Lipschitz constants of S. Therefore, since lim

s!1
I1 = 0

and fk(t) j t � 0g is Lipschitz constants of S, we have

lim sup
s!1

 1

s

Z s

0

S(� + is)x d� � z


= lim sup

s!1

 1

s

Z s

0

S(� + is + it)x d� � z


= lim sup

s!1
I � lim sup

s!1
(I1 + I2 + I3)

�
1

t
+

 1

t

Z t

0

S(� + it)x d� � z

 � lim sup
s!1

1

s

Z s

0

k(� + is) d�
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�
1

t
+

 1

t

Z t

0

S(� + it)x d� � z


for every t > 0. So, we get

lim sup
s!1

 1

s

Z s

0

S(� + is)x d� � z

� lim inf
t!1

 1

t

Z t

0

S(� + it)x d� � z


Hence, lim

t!1

 1

t

Z t

0

S(� + it)x d� � z

 exists.

Remark. In Lemma 3.1, take a net fi0tgt�0 in R+ such that i0t � it for every t � 0. Then,

we can get

lim
t!1

 1

t

Z t

0

S(� + it)x d� � z

= lim
t!1

 1

t

Z t

0

S(� + i0t)x d� � z


for every z 2 F (S).

Theorem 3.2. Let C be a nonempty compact convex subset of a strictly convex Banach

space and let S = fS(t) j t � 0g be an asymptotically nonexpansive semigroup on C.

Let x 2 C. Then,
1

t

Z t

0

S(� + h)x d� converges strongly to a common �xed point of S

uniformly in h � 0. In this case, if Qx = lim
t!1

1

t

Z t

0

S(�)x d� for every x 2 C, then Q is

a nonexpansive mapping from C onto F (S) such that QS(t) = S(t)Q = Q for every t � 0

and Qx 2 cofS(t)x j t � 0g for every x 2 C.

Proof. >From Lemma 3.1, there exists a net fitgt�0 in R+ such that

lim
t!1

 1

t

Z t

0

S(� + it)x d� � z

(6)

exists for every z 2 F (S). Set �t =
1

t

Z t

0

S(� + it)x d� . As in the Remark of Corollary 2.9,

there exists a subnet f�t�g of f�tg such that �t� converges strongly to a common �xed

point y0 of S. So it follows from (6) that

lim
t!1

k�t � y0k = lim
�
k�t� � y0k = 0:

This implies that �t �! y0. Next we prove that
1

t

Z t

0

S(� + it + h)x d� converges strongly

to y0 2 F (S) uniformly in h � 0. Take a net fi0tgt�0 in R
+ such that i0t � it for every t � 0.

Then, from Remark of Lemma 3.1, we have
1

t

Z t

0

S(�+i0t)x d� �! y0 2 F (S). Since fi0tgt�0

is any net in R+ such that i0t � it for every t � 0, it follows that
1

t

Z t

0

S(� + it + h)x d�

converges strongly to y0 uniformly in h � 0. Let " > 0. Then, there exists t0 � 0 such that 1

t

Z t

0

S(� + it + h)x d� � y0

< "

for every t � t0 and h � 0. So, we have 1

t

Z t

0

S(� + h)x d� � y0


=

 1

t

Z t

0

�1
s

Z s

0

S(� + h+ �)x d�
�
d�
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+
1

ts

Z s

0

(s� �)fS(� + h)x� S(t+ � + h)xg d� � y0


�

1

t


Z t

0

n1
s

Z s

0

S(� + h+ �)x d� � y0

o
d�


+

1

ts

Z s

0

(s� �)kS(� + h)x� S(t+ � + h)xk d�

=
1

t


Z is

0

n1
s

Z s

0

S(� + h+ �)x d� � y0

o
d�

+

Z t

is

n1
s

Z s

0

S(� + h+ �)x d� � y0

o
d�


+

1

ts

Z s

0

(s� �)kS(� + h)x� S(t+ � + h)xk d�

�
1

t

Z is

0

 1

s

Z s

0

S(� + h+ �)x d� � y0

 d�

+
1

t

Z t�is

0

 1

s

Z s

0

S(� + is + h+ �)x d� � y0

 d�

+
1

ts

Z s

0

(s� �)kS(� + h)x� S(t+ � + h)xk d�

�
is

t
R+

t� is

t
"+

s

2t
R

for every s � t0, t � is and h � 0, where R = diamC. Since " > 0 is arbitrary, it

follows that
1

t

Z t

0

S(� + h)x d� converges strongly to y0 2 F (S) uniformly in h � 0. If

Qx = lim
t!1

1

t

Z t

0

S(�)x d� for every x 2 C, then Q is a nonexpansive mapping from C onto

F (S). In fact, let fk(t) j t � 0g be Lipschitz constants of S. Then, we get 1

t

Z t

0

S(�)x d� �
1

t

Z t

0

S(�)y d�

� kx� yk �
1

t

Z t

0

k(�) d� ;

which implies kQx�Qyk � kx�yk for every x; y 2 C. Moreover, we have QS(t) = S(t)Q =

Q for every t � 0 and Qx 2 cofS(t)x j t � 0g for every x 2 C.
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