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ABSTRACT. This paper investigates a queueing system consisting of two-parallel queues
and two servers. The service policy is a hysteretic control one such that a set of two
forward thresholds (Fi, F») and a set of two reverse thresholds (R1, R2) are set up in
one of two queues, say, the second queue, and at each epoch of service completion,
the server decides which queue is to be served next according to the control level the
number of customers in the second queue reaches. The arrival process for each queue
is Poisson, and the service times are exponentially distributed with different means.
We derive the generating functions of the stationary joint queue-length distribution,
and then obtain the mean queue length and the mean waiting time for each queue.

1. Introduction

Threshold-based service policies have been applied by many authors to queueing sys-
tems with a single-queue as policies to control service rate, number of servers or vacation,
and proved to be optimal to some queueing systems(see Larsen and Agrawa(1983), Lin
and Kumar(1984), Morrison(1990), Igaki(1992), Mishimura and Jian(1995), Ibe and Keil-
son(1995), Liu and Golubchik(1999)). Especially, in order to avoid oscillation in a simple
threshold-based system, or reduce the non-negligible server setup and removal costs, Ibe
and Keilson(1995), and Liu and Golubchik(1999) consider a threshold-based control ser-
vice with hysteresis for multi-server queues. Recently, such threshold-based service policies
have been considered by some researchers for polling systems consisting of two queues
and a single server(see Lee and Sengupta(1993), Boxma and Down(1997), Feng, Kowada
and Adachi(1998, 1999)). On the other hand, the queueing systems with two classes of cus-
tomers, multiple servers and non-threshold service policies have been extensively studied(see
Cohen(1982), Mitrani and King(1981), Falin et al.(1994), Gail et al.(1988) and (1992)). In
this paper we apply the hysteresis threshold-based service policy proposed by Ibe and Keil-
son(1995) to a system with two queues and two homogeneous servers. The two queues with
infinite buffer capacities are denoted by @; and Q2. A set of two forward thresholds (F}, F»)
and a set of two reverse thresholds (R, Ry) are set up in the second queue. Without loss
of generality, we assume that Ry < F; < Ry < F,. The two servers serve the two queues
according to the schedule described as follows.

1. At each epoch of service completion in @1, (i) when the two servers all serve in @1,
if the number of customers in () exceeds the threshold F}, the server switches its service
to (2, otherwise it continues to serve the customers in )1; (ii) when the two servers server
respectively in ()1 and @9, if the number of customers in ()5 exceeds the threshold F>, the
server switches its service to (Q2, otherwise it continues to serve the customers in @1,
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2. At each epoch of service completion in @2, (i) when the two servers all serve in @2, if
the number of customers in Q)3 drops below the threshold R,, the server switches its service
to @1, otherwise it continues to serve the customers in )»; (ii) when the two servers server
respectively in (Q; and @, if the number of customers in )5 drops below the threshold Ry,
the server switches its service to J1, otherwise it continues to serve the customers in @),

3. The server does not idle if there are customers present at either queue. That is, if
there are no customers waiting in the present queue at an epoch of service completion, the
server switches its service to the other queue. The service discipline is first-come-first-served
within each queue and non-preemptive.

Since by choosing the threshold values, one can easily assign a higher priority to some a
queue, the threshold service schedule is a very flexible control policy. In modern communi-
cation network systems which employ the fixed packet sizes of ATM technology, the different
types of traffics require the different demand of service. Sometimes these requirements vary
according to the system state, and not anyone of these traffics has absolute priority. As it
has been seen, the hysteretic threshold-based control service policy in the above provides
such a priority scheduling strategy. Q- has a priority over (1 in the segment (Fy,00), Q1
has a priority over ()2 in the segment (0, R;], and the segment (R;, F»] is a non-priority part
in the sense that servers do not switch their service to another queue when the length of
Q- is in this segment. For this system, we derive the generating functions of the stationary
joint queue-length distributions by the variable elimination approach. We then obtain the
mean queue length and the mean waiting time for each queue.

The organization of the paper is as follows. In Section 2 the model is described in detail,
and the system equations of the generating functions of the stationary joint queue-length
distribution are established. The solutions of the system equations are derived in Section 3.
The mean queue lengths and the waiting times are given in Section 4. Finally, a summary
is included in Section 5.

2. The Model and generating function equations

We consider a queueing system consisting of two-parallel queues ); and Q2 and two
equal speed servers. For ¢ = 1,2, the arrival processes in @); is a Poisson process with rate
Ai, and the service time distribution at ); is exponential with parameter u;. Interarrival
times and service times are assumed to be mutually independent. The service policy for
this system is a hysteretic control one described in the previous section. Write A = A\; + As.
The traffic load at Q; is p; = Ai/u: (i = 1,2). The ergodicity condition of the system
is satisfied if and only if the total traffic load p = p; + p2 < 2. Throughout the paper,
we assume that this condition holds. Let Q;(t) be the number of customers waiting for
service in queue Q; (i = 1,2) at time ¢t. Let I;(t) denote the number of servers serving
in queue @Q; (i = 1,2) at time t. Then {(I1(2), [x(¢), Q1(t), @2(t)) }+>0 is an irreducible
continuous-time Markov chain according to the assumptions of the Poisson arrival processes
and the exponentially distributed service times. The Markov chain has the equilibrium
probabilities under the ergodicity condition. We denote the equilibrium probabilities by
{Pijnm, 0<i+j<2;n,m >0}, that is,

Pijmm = Jim P((L (), L (0), Q1 (1), Qa(t)) = (i,4.n,m)). (2.1)

Note that when i + j < 2(at least one server is idle), n = m = 0. Then we can denote
the state (i,7,0,0) by (¢,7), and write p; j 0,0 by pi ;. Also when i+ j = 2(the two servers
all are busy), 7 = 2 —i. Then we can denote the state (i,j,n,m) by (i,n,m), and write
Dijn,m DY Pin,m. We derive the Kolmogrov equations for the equilibrium probabilities as
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follows:

CASE 1. i+j <2,
(A1 + X2 + p1)p1o = Aipo,o + 211P2,0,0 + 2P1,0,0 (2.2)
(A1 4+ A2+ p2)po1 = A2po,o + 11P1,0,0 + 21420,0,0, (2.3)
(A1 + A2)po,o = P10 + p2po i, (2.4)

CASE 2. i+ j =2,

(1)i=0,
(A1 + A2 + 202)P0,m,m = A1P0,n—1,m + A2P0,n,m—1 + 1P1 n,m+10{m+1>Fa} + 2H2P0,n,m+1

X5{m+1>R2}, n,m > 0, (2.5)

(A1 4+ X2 +202)P0,n,0 = AMPon—1,0 + 11P1,n,10{ =0} + 212P0,n,10{Ro =0}, 1 >0, (2.6)
(A1 + A2 4+ 2p2)P0,0,m = A2D0,0,m—1 + 11P1,0,m+1 + 2M2P0,0,m+1, M >0, (2.7)
(A1 + A2+ 202)po,0,0 = A2po,1 + p1P1,0,1 + 212P0,0,1, (2.8)

2)i=1,

(A1 4+ A2 + g1 + 12)P1 nm = AMP1n—1,m + A2D1 nm—1 + APt 1m0 {m<Fy} + H2P1 n,mt1
XO0{m+1>Ry} T 211P2,n,m+10{mr1>F } T 2042P0,n41,m0{m< R}
2.9

n,m > 0,
(AL + A2 + 1+ p2)P1,n,0 = MP1n—1,0 + P10 +1,0 + 202P0,n41,0 + H2D1,n,10{R, =0}
+2mpan,10{F =0y, n>0, (2.10)
(At + A2 + o1+ p2)P1,0,m = A2P1,0,m—1 + P11, mO{m<Fo} + B2D1,0,m+1 + 201D2,0,m+1
+202p0,1,mO{m<Rr,}, M >0, (2.11)
(A1 4+ A2 4+ p1 + p2)p1,0,0 = AiPoa + Aapio + HaP1,1,0 + Hapi,01 + 201P2,0,1 + 202P0,1,0,
(2.12)
3)i=2,
(A +A24201)P2,n,m = A1P2,n—1,m+A2D2,m,m—1+F201 P2, n41,mO{m< Fy } FH2PLn41,mO{m< R, }»
n,m > 0, (2.13)

(A + A2 +201)p2,n,0 = AMP2,n—1,0 + 201P2 n41,0 + P2P1,nt1,0, 1 >0, (2.14)
(Ar+A2+2p1)p2,0,m = A2p2,0,m—1+201P2,1, mO{m<Fy y HH2P1,1,mO{m<Rr,}, ™M >0, (2.15)
(A1+X24+2p1)p2,0,0 = Atp1,0+211P2,1,0+H2P1,1,0- ( )

For |z| < 1,|w| < 1, define respectively two-dimensional generating functions and one-
dimensional generating functions as follows

U;(z,w) = Z Z Dinmz w™, i=0,1,2, (2.17)
n=0 m=0
Yim(2) =D Pinmz™, i=0,1,2; 0<m<F. (2.18)
n=0
Multiplying both sides of (2.5) to (2.16) by z"w™ and summing over all n. > 0,m > 0 yield
R2 F2
Qo (Z> w)qlo (Za w)+,U1‘I’1 (Z> UJ) = 2/J/2 Z (1/10m (Z)_dj[)m (0))wm+u1 Z (¢1m(z)_¢1m(0))wm
m=0 m=0
+2/42P0,0,0 + H1D1,0,0 — A2WDo,1 (2.19)

Ro Fo
ar(z,w)28 (z,w) + 2u12P5 (2, w) = —2uw Z (Yom (2) — Yom (0))w™ — pw Z (Y1m(2)
m=0 m=0

R1 Fl
~1m(0)w™ + p2z Y ($1m(2) = h1m (0)w™ + 212 Y ($2m(2) = Y2m(0))w™
m=0 m=0

+22P1,0,0 + 241 2D2,0,0 + A12WPo,1 + A22wWp1 0 (2.20)
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R: P
ar(z,w)z¥s(z, w) = Yo Z (Y1m(2) = Y1m (0))w™ + 21 Z (Yam (2) = 2m (0))w™ + A1 2p1 0,
m=0 m=0

(2.21)

where  ap(z,w) = 2u2(1 — w) —w(A (1 — 2) + A2(1 — w)),

a1(z,w) = p2(l —w) —w(Ai (1 = 2) + A2 (1 — w) + ),

az(z,w) = Ar(1—2z) + Ao (L —w) + 241
Furthermore, for the functions ¥;m (2) — ¥im (0) (i = 0,1,2) we have
Bo(2) (o0 (2)—100(0)) = A12P0,0,0, (2.22)
Bo(2)(Yom (2) = Yom(0)) = A2 (Yo(m—1)(2) = Yo(m-1)(0)) + Mizpo,o,m, 1 <m <Ry —1,
(2.23)
B1(2)(¥10(2) — 110(0)) = 2p2(v00(2) — 100 (0)) + p2z(11(2) — 111(0))d{ g, =0} + 2112 X%
(21 (2) = 121(0))015, =0y — 2(A1(L = 2) + A2 + p1 + p2)p1,0,0 + H22P1,0,1
+2p12p2,0,1 + A12Po,1 + A22D1 0, (2.24)
B1(2)(%1m(2) = P1m(0)) = 2u2(Yom (2) = Yom (0))dfm<roy + A22(V1(m—1)(2) = Y1(m—1)(0))
F122(V1(m+1)(2) = V1(m41) (0)0{mi1> R, 3 + H22P1,0,mt1 + 2012 (Ya(me1) (2)
~2(m+1)(0)0fmy1>my + 2012P2,0,m41 — 2(A1 (1 = 2) + A2 + g1 + p2)p1,o,m
+>\22’p1707m_1, 1 S m S F2 — 1, (225)
B2 (2)(¥20(2) —1020(0)) = p2(v10(2) —¥10(0)) —2(A1(1—2) + A2 +2p1)p2,00+ A12p1o  (2.26)
B2 (2)(Y2m (2) = 12m (0)) = p2(¥1m(2) = P1m(0))0(m<ry} + X22(Y2(m—1)(2) = P2(m—1)(0))
—Z(Al(l — Z) + )\2 + 2ﬂl)p2,0,m + )\22])2’0’7”,1, 1 S m S Fl, (227)
B3(2)(Y2m(2) — Yam(0)) = >\2(1/12(m71)(2’) - ¢2(m71)(0)) + A12p2,0,m, Fi <m < F5.
(2.28)
where  fo(2) = A (1 —2) + A2 + 2ps, Bi(2) =z(M(1 = 2) + Aa + p2) — (1 = 2),

B2(2) = 2z(A1 (1 — 2) + X)) — 2u1 (1 — 2), Bs(z) = A (1—2)+ Ao + 2u1.

ooUsing the definitions of ¥;(z,w),i = 0,1, 2, the normalizing condition E?:o Yool
Y m—oPin,m + Po,o + Po,1 + p1,o =1 can be denoted as

Uo(1,1) + ¥4(1,1) + U5(1,1) + poo + Po1 + P10 = 1. (2.29)

3. Determination of the function equations

In this section, we derive the two-dimensional generating functions ¥;(z,w) (i = 0,1, 2).
The functional equations (2.19), (2.20) and (2.21) show that they can be obtained as soon
as the one-dimensional generating functions o, (z) (0 < m < R»), t1m(2) (0 < m < F)
and 1a2m(z) (0 < m < Fy) are determined. Therefore, the main aim here is to deduce
system equations about those one-dimensional generating functions and get their solutions.
Since the unique zero zp = 1+ (Ao + 2u2)/A1 > 1 of fBy(z) and the unique zero z3 =
14 (A2 4+ 2u1)/A1 > 1 of B3(z) all are in |z| > 1, a simple induction on m from (2.22) and
(2.23) yields that

o /\1z 7 )\2 m—k _
Yom (2) — om(0) = Bo(2) kZ:o(ﬂO(Z)) Pook, O0<m<Ry—1, (3.1)
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and similarly from (2.28) yields that

Yom(2) = Bam(0) = 25 (s () = var, (O)) 4 M S (A ymori
2m 2m = 3 ( ) 2F; 2F; Bg(z) 2 53(2‘) D2,0,F1+k>
Fi<m<F. (3.2)
Furthermore, from (2.15) we have
:<A2 >m " F,<m<F (3.3)
D2,0,m ﬁg(O) DP2,0,F; > 1 S Ia. .
Substituting (3.3) into (3.2) gives
Ap aAP—Fy L Ba(2)
Yam (2) =tham (0) = W(%“ (2)—t2r, (O)H(W ; ( ﬂz (0))k P2.0.F1»
Fi<m<F. (3.4)

Then we can rewrite the equations (2.24)-(2.27) by substituting (3.1) into (2.24) and (2.25),
and (3.4) into (2.25) when F} < m < Fb, and rearranging these terms. We have

B1(2)(10(2) = 10(0)) = 242 ﬂ/\(z)po 0,0 — 2(A1(1 — 2) + A2 + p1 + p2)P1,0,0 + H22D1.01

+2p12p2,0,1 + A12Po,1 + A22D1 0, (3.5)
—>\22’(¢1(m71) (2) - ¢1(m71) (0)) + B1(2) (Y1m (2) = 1m(0)) — H2Z(¢1(m+1) (2) - ¢1(m+1) (0))x

)\12’ i )\2 m—*k
Ofmi1>R} = 2#250—(2) kz:;)(ﬁo(z)) P0,0,k0{m<Rs} + A22P1,0,m—1 — 2(A1(1—

Z) + Ao+ 1+ p2)P1o,m + B22P1 0 mt1 + 2M12P20me1 L <m < Fp—1, (3.6)

—>\2Z(¢1(m71)(2) - ¢1(m71)(0)) + B1(2)(1m(2) — h1m(0)) — H22(¢1(m+1)(2) - ¢1(m+1)(0))
A2 iRy UL\ ym-

—21112(53 (2z)) = (V2r, (2) — ar, (0)) = 2p2 ﬁo g (2z kpo,o,kx

Otm<Roy + A22P1,0,m—1 — 2(AM1 (1 = 2) + A2 + p1 + p12)P1,0,m + 122P1,0,m+1
ERACERY T o MRy ™ Bs(2)

+212 ((53(0)) + 7@?7&%(2) kz::l (53(0)) D2,0,F, »

F1 SmSFQ—l (37)

—p2(110(2) =¥10(0)) +82(2) (¥20(2) =920(0)) = —z(M(1—2)+A2+21)p2,00+A12P1,0 (3.8)

—12(V1m (2) =1m(0))0gm< ry} — A22(V2(m—1) (2) =¥2(m—-1)(0)) + B2(2) (Y2m (2) = P2m (0))

= A2Zp270’m,1 — Z((Al(l — Z) + )\2 + 2#1)p2’0’m, 1 S m S Fl. (39)

The functions «;(z,w) (i = 0,1,2) are same as those in Feng et al.(1999), and their zeros
for every fixed z with |z| < 1 have been determined. Here we present the proof again to
make the paper self contained.

Theorem 1. If p < 2, then for every fixed |z| < 1,
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(i) For i = 0,1, a;(z,w) has exactly two zeros y;(z),w;(z), and as(z,w) has exactly
one zero y»(z). These zeros are

MA=2)+ X +im +(2—10)p
2o

yi(2),wi(z) =

+ VLI = 2) + X +ip + (2 = i)p2)? — 42— )dops

i =0,1 1
2A2 ) ? 07 Y (3 0)

A (1 - A2 +2
n(s) = 2Ot 2 (3.11)
2
(ii) The zeros y;(z) (i = 0,1,2) are in |w| > 1, and w;(z) (i = 0,1) are in |w| < 1.
Furthermore, wo(2) # wi(z), and w;(z) #0 (i =0, 1).
(iii) w;(2) (i = 0,1) are analytic in |z| < 1 and continuous in |z| < 1.

Proof. (i) For i = 0,1, write the equation «;(z,w) = 0 as follows
Aow? — (A (1 —2) + Ao +ipg + (2 —i)p2)w + (2 — i)z = 0

which is a quadratic polynomial in w. The number and form (3.10) of the roots are obvious.
The root y2(z) in (3.11) of as(z,w) = 0 also is obvious.

(ii) Since |z| < 1, we have Re y2(z) > 1, which means that for any fixed |z| < 1, aa(z,w)
has no zeros in |w| < 1. Next, let

(2 —i)po

i\~ = B B 5 :071
filzw) ML =2)+ X +ip + (2= 02 !

Then f;(z,w) is LST(Laplace-Stieltjes Transform) of the exponential distribution with the
parameter (2 — i)us. The equation «;(z,w) = 0 can be rewritten as w — f;(z,w) = 0. Fix
|2] < 1. For w with |w| = 1, (1) when i = 1, we have |f1(z,w)| < p2/(p1 + p2) <1 = |w|.
An easy application of Rouché’s Theorem shows that «;(z,w) has exactly one zero in
|w| < 1, which is wy(2), (2) when ¢ = 0, if w # 1 or w = 1 but z # 1, we also have
|fo(z,w)] <1 =|w|. Again by Rouché’s Theorem, ap(z,w) has exactly one zero in |w| < 1,
which is wo(z). When z = 1, ag(1,w) = 0 becomes Xow? — (Ao + 2u2)w + 2u> = 0. This
equation has two zeros yo(1) = 2u2/A2 and wo(1) = 1. Note that under the ergodic condi-
tion p < 2, the inequality Ay < 2us holds certainly. Then yo(1) > 1. Hence wg(1) =1 is
the unique zero of ap(1l,w) in |w| < 1. Furthermore, assume that wy(z) = w1 (z) = w(z) for
some |z| < 1. We obtain the equation pus — (2 — p1)w(z) = 0 from a;(z,w(z)) = 0,i =0, 1.
If p2 = p1, this equation results in that pus = 0, which is contradictory to that u, > 0. If
p2 # p1, we get w(z) = pa /(2 — p1) which means that |w(z)| > 1. This is contradictory to
that w(z) is a zero in |w| < 1. The conclusion (iii) can be proved by the implicit function
theorem. We omit it here. These complete the proof of Theorem 1. O

Since as(z,w) has no zeros in |w| < 1 for any fixed |z| < 1, and similarly with z and w in-
terchanged, dividing (2.21) by as(z,w) and then substituting 2% (z, w) into (2.20), we have

@1 (2004 511) = ~2p25™ 0" (e ()= O+ (2 = 22— )

Ry

Fa
Z(1/’1m(2)—1/11m(0))wm—u1271w Z (¢1m(z)—¢1m(0))wm}+2m(1_L)x

m=0 e 41 zao(z,w)
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F Qs By-1 (Fol |

m(2) — m 0 w™ — 211 2 m—kwm +
n;j:o(w2 ( ) 1/}2 ( )) ﬂO (Z) ; (WLX::IC (ﬂo (Z) ) pU,O,k N2p1,0,0
+2p1p2,0,0 + AMrwpo,1 + (A2w — 52(12“;) )P1,0- (3.12)

Substituting (3.1) into (2.19), and expressing it with (3.12) in matrix form, we have

N(z,w) [ ‘ifgj; g; } = E Ai(z,w) (TLi(2) = TL(0) + a0 (2, w) (Yora () = Yo, (0))

+Co(z,w)Py + C(z,w)P, (3.13)
where the vectors IL;(2) (i = 1,2), ag(z,w), Po, P, and the matrices N (z,w), Ai(z,w)
(1 =1,2), Co(z,w) and C(z,w) are defined as follows:

ITi (2) = (T10(2), -, Ui (2))7, IIa(z) = (¥20(2), -, Y2r, (2))7,
Po = (P0,0,0,P0,0,1,"** sP0,0,R2), P = (P1,0,0,P2,0,0,P0,1,P1,0)"

where 7 is a symbol of transpose, and

Ro
N(z,w) = { ao(g,w) al(/?,w) , ap(z,w) = _2;2'[;2_“1}1032“ ,
1 'ule1
0=l e g 2 e
ule1+1 ulez
—ulz_le1+2 —Mlz_le2+1 )
Az(z,w) = { 9 0 21 ’ 2 02#1 o
,ul(l ~ Taals w)) 2#1(1 - Za2(z7w))w 2“1(1 T Zas(zw) )w 1
ﬁg?zl) Zm2:0 (ﬁ;\(z))mwm A1) Z 2— (ﬂg(z )m Tym ... ﬂo(z) Rz
C(z,w) = [ w0 —how 02A ]
) te 2u1 AMw  Asw — Méf‘;})

Then we have

R ] = A ) ) = ) + a0l 0) W 2) — o 0)

+CO(Z; ’LU)PO + C(Z, U))P}
G | O A )M - T + a0, 0) o 2) = om0
=0
+CO(Z; ’LU)PO + C(Z, U))P}

- ap(z,w)ay (z,w) - 319

Since (¥o(z,w), ¥1(z,w))” is analytic in {(z,w) : |z| < 1,|w| < 1}, and continuous in the
{(z,w) : |2| < 1,|w| < 1}, the numerator of the right-hand side of (3.14) must vanish at the
zero w;(z) of a;(z,w) for i = 0,1. We get the matrix equations

al(Z,(TJUO(Z)) —m ]{Z Ai(z,w0(2))(TLi(2) — T1;(0)) 4 ao (2, wo(2)) (Yor, (2)

Oé()Z’w()
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—1or,(0)) + Co(z,wo(z))Po + C(z,wo(2))P} =0, (3.16)

[ al(Z,gn(Z)) —m ]{ZA 2w (2))(I;(2) — IL;(0)) + ag(z, w1 (2)) (Yor, (2)

Oé()Z’U)l

—thor,(0)) + Co(z,w1(2))Po + C(2,w1(2))P} =0.  (3.17)

Note that a;(z,w;(z)) = 0 for i = 0,1 and a;(z,w;(z)) # 0 for i # j;i,j5 = 0,1. We can
only obtain the following two linearly independent equations from (3.16) and (3.17).

2

Y Bi(2)(ILi(2) = ILi(0)) + bo(2)(Yora (2) = tor.(0) + Do(2)Po + D(2)P =0 (3.18)

i=1

where the matrices B;(z) (i = 1,2), Do(z), D(z) and the vector bg(z) are deduced as follows

B | M [za1(z,w0(2)) = (22 — A2y — mwo(2))] -+ pu[zau (2,w0(2))
1(2) = Uoz — 2paf2 e (2) (22
as(z,wi(z)) Hiwi 2
—(p2z — SRR — pwo(2))]wg (2) - p[zen (z,w0(2)) + prwo(2)]wy ' (2)
— s — pwy (2)]wi™ (2) —pwit 3 (2)
i [zaq (2, wo(2)) ?u%wo( 2)wh (2))
_N1w11+ ( ) ’
2p1 2p
—mlz — ohmyl 0 —mlz - 7]% (2)
82 (Z) — 2”1 (e ) Z 'UJO Z)) (e ) (Z wo Z)) ,
- 7&?1( 2 S 7@(?& ot (2)

Apiwo(z) Ro—1/ Xo \m,,. m
Do(2) = 24102 ai(z,wo(z)) + (alx(i’lw[)(zl)%)zj_l ),(\3;(;) )mz+1 =0 (50(1)) wg' (2)
_,80(2)) Em:O (/80(2)) wy (Z)

(a1 (2, wo(2)) + 2L18E )71 (z) 0 ]

() 0

D(z) = [ H1Z[a1(z,li02(;(z)) — pa] _Qi'liz

/. ’LU() ))

Arzwy (z) z[Aowy (2) — #w’ilz))

—oar(z,wo(2)) + A ]zwoe(2)  —prz[Aawo(2) — 2/\17;“ ]

and  bo(2) = 2pa[z0n (2, w0(2)) + pwo(uli(2), —wlH ()"
Let Pi= (01,00, »P1,0,R)" s P2= (2,00, »02,0,m) R and
H(Z) = (H;(Z)vng('z):wORz (Z))T) P= (pg,p{’pg)r, P = (pO,O:pO,lypl,O)T-

Then writing the equations (3.5)—(3.9) and (3.18) in matrix form, we have
M(2)(II(z) — II(0)) = £(2)P + K(2)P. (3.19)

Here M(z) is the (Fo+F1+3) x (Fo+F1+3) matrix and £(2) is the (Fy+F1 +3) X (2F>+F1 +3)
matrix defined as follows

Mn(z) Mlg(z) OF2 511(2’) 512(2’) 513(2’)
M(z) = | Ma2i(2) M22(Z) Op41 |, E(2) Ea1(z) En(2) &as(z) |,
Bi(z)  Ba(z) bo E31(2) E32(2) Es3(2)
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where /\/ln(z): F2 X (F2+].), M12(Z)Z F2 X (F1 +].), M21(2’)C (F1 +1) X (F2+].), M22(2):
(Fl + ].) X (F1 + ].) matrices, and 511(2), 512(2): F2 X (F2 + ].), 513(2): F2 X (F1 + ].),
((:21(2’), ((:22(2’): (F1 + 1) X (F2 +1), ((:23(2’): (F1 + 1) X (FQ +1), ((:31(2’), ((:32(2’): 2 X (F2 +1),
E33(2):2 x (F1 + 1) matrices such that

[ Bi(2)
—Az fu(z)
Mii(z) = Xz fi(2) ,
=Xz Bi(2) —paz
L —Xoz fi(z) —pez J
"o _
. ' —H2
Mia(z)=| 0 - _2N12(g;\(22)) , Mai(z) =
: : —pz 0 - 0
I 0o --- _2M1Z(/8;\_(22))F27F1 ]
B2(z)
_AQZ B2(z)
Moz (z) = ) _ ;
X2z [a(z)
_ ) )
Ao
Bo(2) 1
_ 2ug)iz As \Ra As \Ro1 '
511(2)_ ﬂO(Z) (ﬁo(z)) (/80(2)) 1 )
0 0
L0 0 0 J
—(Bi(z) = m) poz
A2z —(B1(2) =)  paz
512(2’) = . . )
Aoz —(Bi(z) — 1) poz
[0 2u2 1
: Aidaz Ao
513(2,) — 0 0 e QMIZ(ﬁ:a(Z)ﬁ;a(O) + ﬁ3(0)) ,
AT By el 2 \FoeFy
i 0 0 T 2/"12([3527F1+1(Z) k=1 (gzgog)k + (g;(o))F F ) ]
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—(B2(2) — 2p1)

A2Z — 2( 2 —2 1
Eag(2) = (ﬁ(.)_ ) ‘ , E31(2) = Do(2)
Aoz —(B2(2) — 2p1)
I S PR o

and €21 (z) = £22(2) = O(p,4+1)(Fp+1), i-€., the (F1 + 1) x (F3 4+ 1) null matrix. 0 denotes
k—dimensional null vector. Moreover, K(z) is the (Fy + (F3 4+ 1) 4+ 2) x 3 matrix such that

K1i(z) 0 Az Az 0 0 M=z
K(z) = | Ka(z) |, where Ki(2)=| : ;o Ke(z)=| ¢ ¢ )
Ks(2) 0 0 0 00 0
2A1p1
Ks(2) = 0 —z[han(z,wo(2)) + Ap]wo(z)  —paz[Aewo(z) — Ww’;(z))]
0 Arzwy (2) 2w (2) - b m]

Whenever M(z) is non-singular, the solution of (3.19) is given by

[adi M (2){E(2)P + K(2)P} _

II(z) — II(0) = M(2) {E(2)P + K(2)P} = detM(z)

(3.20)

Since we seek IT(z) — IT(0) which is analytic in |z| < 1, the numerator of the right-hand side
of (3.20) must vanish at the zeros of detM(z) inside the unit circle. Therefore, in solving
(3.19) we have to consider the characters of those zeros. Let zg,21, -+ ,2,—1 be zeros of
detM(z) in |z| < 1, and let d; be the multiplicity of z;. The analyticity of II(z) — II(0)
implies that

k

%[ade(z)]{é’(z)P + IC(z)?S}|Z:zi =0 0<k<d;, 0<i<Kk—1. (3.21)
It can be verified that for every zero z;, at most d; of the (Fy + F; + 3)d; equations in
(3.21) are independent. In general, it is particularly difficult to determine directly the value
of Kk and d; for i = 0,1,--- ,k — 1 because of the complexity of detM. Here we discuss
the problem by the approach in Cohen and Down(1996), Boxma and Down(1997), where
the fact that under the ergodicity condition the inherent Kolmogorov equations for the
stationary state probabilities have a unique, absolutely convergent solution is used to show
that the corresponding functional equation has the specified number of zeros in the required
domain. Suppose, without loss of generality, that d; = 1 for i = 0,1,--- ,k — 1, i.e., all
zeros have multiplicity one. We shall argue that under the ergodicity condition: p < 1,
k = Fy + F} + 3, ie., F» + F} + 3 independent equations can be obtained from (3.21).
Indeed, the Kolmogrov equations for the equilibrium distribution of the continuous-time
Markov chain {(I;(t), I>(t), Q1(t), Q2(t) }s>0, along with the normalizing condition (2.29),
have a unique, absolutely convergent solution, and using the generating functions, we have
transformed those Kolmogorov equation into the (F; + Fj + 3)-dimensional matrix equation
(3.19). If kK = F» + F; + 3, then (3.21) plus F; + 3 equations (2.2)—(2.4) and (2.7)-(2.8)
for 0 < m < F3, there exists a unique solution for the 2F5 + F; + 6 unknown constants
P,P. Now suppose that k < F» + F; + 3. Then we would obtain not sufficient equations
to determine all 2F5 4+ F; + 6 unknown constants uniquely, and we would find multiple
solutions for them—which is impossible. Finally, if & > F» + F; + 3, then we would find
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too many equations for the 2F; + F| + 6 unknown constants. Once again, as it is known
that there is a unique solution, there must be exactly F» + F} + 3 independent equations
amongst those derived by using (3.21).
Note that wp(1) = 1 is the unique zero of ag(l,w) in |w| < 1. We have a;(1,wy(1)) =
—p1 and a2(1,wo(1)) = 2u1. Then
[za1 (2, wo(2)) + mwo(2)s=1 =0, [z — amyyle=1 = 0,
[z (2, wo(2)) — (n2z — M2y — pnwo(2))]o=1 = 0.

It follows that all entries of the (F5 + F; + 2)th row of M(z) at z = 1 are zero. Thus z =1
is a zero of detM(z). Without loss of generality, let zop = 1. From (3.21) we have that
[adjM(2){E(2)P + K(2)P}|.=1 = 0. Then from (3.20) there exist two vectors e;, ky such
that

(1) — II(0) = ;P + k; P. (3.22)
Furthermore, substituting (3.22) into (3.14) and noting that from (2.21)
R,
Uy(1,1) = 2#1 Z(I/qm( ) = Y1m(0) + Z Yom(1) — Y2m(0)) + %m,o,

we get an expression of sum of ¥;(1,1),i =0,1,2 as
o(1,1) + W (1,1) + Uy(1,1) = eP + kP

where e and k are the known vectors. Now the normalizing condition (2.29) can be denoted
as
eP + kP + po,o +Po,1 +p1,o = 1. (3.23)

Therefore, combining (3.23), (3.21) for i = 1,--- ,x — 1 with (2.2)—(2.4) and (2.7)—(2.8) for
0 < m < F, we get a matrix system with 2F5 + F + 6 independent equations for the
unknown constants P, P as follows

QP™, P =v (3.24)

where v = (0,--+,0,1)7 is an (2F; + F} + 6)-dimensional vector. Solving the system and
substituting the solution into (3.20), we can obtain the one-dimensional generating functions
Yom(z) (0 <m < Ra), Y1m(2) (0 <m < Fy) and a2 (2) (0 < m < Fy). Then substituting
these functions into (3.14) and (2.21), we can finally determine the two-dimensional gener-
ating functions ¥;(z,w) (i =0,1,2).

4. The mean queue length and mean waiting time

In this section we derive the mean queue length and the mean waiting time for both
queues by using the previous results concerning the generating functions. By E[Q;] and
E[W;], we denote the mean queue length and the mean waiting time of the queue @Q;,
respectively. Since the queue or waiting time may be built only when both two servers are
busy, we merely need to consider the generating functions ¥;(z1,22) (0 < i < 2). We have

) =N
BQ] =3 5 Wi D=, ElQo] =) 5091l w)lu=r, (4.1)
=0 i=0

We first calculate the values of a;(z,w) (0 <i<2)atz=1and w=1as

0 0
ap(1,1) =0, aao(% D=1 = A1, a—wao(l,w)|w:1 = Ay — 22,
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0 0

al(la 1) = —HM1, &al(za 1)|Z:1 = >\17 a_wal(law”w:l = >\2 — M1 — K2,
0 0

042(1, 1) = 2/"’17 &Oé?(zv 1)|Z:1 = _>‘1’ %a2(1vw)|w:1 = _>\2-

Substituting w = 1 into (2.21) and (3.14) yields

p2 S (P1m(2) = Y1m(0) + 21 Sm (Yo (2) = ¥2m(0)) + Aizpio
Uy(z,1) = (o) ,

_ (0 D{F, Ailz )(ILi(2) — TL(0)) + a0 (2, 1) (Yor, (2) — Yor, (0))
\I’l(z)l)_ 011(2’ 1)

L Colz, )P0 +C(2,1)P}
aq(z,1) ’
Bo(e,1) = @D =) {Zi; Az D(IL(2) ~ IL(0)) +a0(z, 1) (o, (2)=
olz,1) = ap(z,)aq(z,1)
+'¢JOR2(O

) +Co(z,1)Po + C(z,1)P}
ap(z, Day(z,1)

Hence we have

Ra

Fy
5792 Dt = (oDl 32 (Gn (=i (O)+ 3 (on () an(O)

m=0

d 1,
m Z m z - 42
+2N1 Z dz¢1 1+ Z ¢2 1+ 4p1p1,0 (4.2)

W Dot = —%(1 = )G (1) = tom 0)) — (1= pr + 221~ 1)
R Fs
XY (Wr1m(1) = 1m(0) = (1=p1) D (@1m(1) = ¢1m(0))
m=0 m=R;+1
Fy

2 p) 3 (1)~ ) + 2 o (= 21+§j L iz

R2—1 Ra—

A P2 k—
E E +(k-m+1 m m
m=0 k=m & ) 2(2+P2))(2+P2) Poo,

201

3 A
_k2 P1P1,0,0 — 2P1D2,0,0 — P%po,l + Pl(—Pl -2 )p1,o (4-3)
21 2 2

0 2 1
57 ¥o(5 Dlemt = (o1 (1= 1) = ) om, (1) = Yom, (0) + (1= py = = F2

P12

Ry
+E2 e = gt = 1) 3 Wan(D) =m0 + 311 = ) = )

F2 Fl

<D WD) = V1m0 + 2B = 5t =2) Y (1) = Y (0)

m=Ri+1

m=0
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210
5, L= P g Yo )|Z:1+(E_1+u1 1——91 Z 1/J1m
1 Fy Rs—1 Ro— 1p 1 p
1(1—p1
+_(1_Pl) Z ¢1m( z 1+2+ Z Z
p m=R1+1 p2 m=0 k=m

+1=-p)A+(k—m+ 1)/12(;\1 ) )](2 4p_2p2)kimp0,o,m

1 3
—I{Qmplpo,o,o + Aip1,0,0 — AipiPo1 + Zp%pl,O}- (4.4)

Similarly, substituting z = 1 into (2.22) and (3.21) yields

Uy(1,w) = H2 Yo (W1m (1) = Y1m (0)w™ + 201 3010 (2 (1) = Y2m (0)w™ + Aipro

a2(1>w) ’

_ (0 D{ZE A1, w)(I(1) — I1(0)) + ag(L, w) (Yor, (1) — ¢or,(0)
w11, w) = ap (1,w)

Co(l,w)PO +C(17w)7)}
a (1, w)
Uo(l,w) = (1 (l,w) — m){Ele A;i(1,w)(TL;(1) — T1;(0)) + ao(1, w)(or, (1) —
o\d, - ao(l,w)al(law)

+1/10R2 (0)) + Cg(l,w)Po + C(l,w)P}
ap (1, w)ay (1, w) )

)

We have
8 [ Ro Fy
_ M2 _ _
5, Y2(Lw)]u= = i T;(AQ + 2mp) (Y1m (1) = th1m (0)) + o ijO(M + 2mu)
A2
X (Y2m (1) = %2m (0)) + =p1p10 (4.5)
1951
0 20 1 A
@‘I’l(Lwﬂw:l =2 2 (A2 + 1 R — p2) (Yo, (1 )—woRz(O))+M1 mX::O( 22:2 + A2 +mypuy — pu2)
F>
1
X(W1m(1) = Y1m(0) + — D (Ao +mp — ) (th1m (1) = $1m (0))
'LLl m=R;+1
)\ Ro—1 Ro—1
2
'ulmz:o(% (1) — ¥2m(0)) 2+p2m2:0k2; 2+ (k= 1)1 — p2)
1
x (522 )™ D0,0,m——5 { (Ao — 1 —p2) (12P1,0,0+211P2,0,0) + A1 (A2 — t2)po1
24 po 0

(0 = 2)0 — 1 — i) + Do (1= Sp1)pro} (1.6

0

&‘IIO(I:w”w:I = 2:12 (p2 —1)(A2 + (R2 — D)p1 — p2)(%ors (1) — %or,(0))
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Ry

1 1258 A2 A
2(Aa—p1 — e =14+ )+ 2 pm((m—3) e —
o Z{ 2= — p2) (P2 i 2#1) o ((m—=3)p2—p2)}
1 L
X (1m(1) = P1m(0) + —(p2 = 1) > (Ao + (m — Dy — pra)
Ml m=Ri+1
F
X (1m (1) = th1m (0 Z (A2 + (m = Dp1 = pi2) ($2m (1) — P2 (0))
p(l-p) 2 'EH p
1 —P1 2 k—m
o 2t mz:O kz;n 2 ) — M2)(2+p )* " poo,
1
+E(PQ—%—1){0\2—#1—u2)(2u2po,0,0+u1p1,0,0)+>\1(u1+u2—>\2)p0,1}
P2 (S opin 20— — )1~ £p1)) (47
2,u2 20101 2 — M1 — M2 291 P1,0- -

As shown in (4.2)—(4.7), the values of II(1) — II(0) and d/dzII(z)|.=1 are necessary to
obtain §/902z¥;(z,1) and 0/0w¥;(1,w) for i = 0,1,2. From (3.22) we can calculate ITI(1) —
I1(0). Furthermore, utilizing analyticities of II(z) we can calculate d/dzII(z)|.—; by directly
differentiating (3.20) in z, and then letting z — 1. We have

d d d

TH(2)|ot = M(2) |(EE)P + (5

+ K)P - (

ZMENI(E) -TO)] . (48)

The mean waiting times for the customers of both queues can be obtained by Little’s result

” E[Q)] B[Qs]

EIW.] =
[W1] N N

E[W,] = (4.9)

5. The summary

In this paper, we have considered the queueing model consisting of two-queue and two-
server with the hysteretic control service policy. As it has been seen, the service schedule
is more flexible because by choosing the values of the forward threshold levels (F7, F») and
the reverse threshold levels (R1, R2), one can easily assign a higher priority to some queue
according to variety of the system state. For the model, we derived the generating functions
of the stationary joint queue-length distribution, and obtained the mean queue length and
the mean waiting time. Here we want to emphasize that it is still an opening problem to
determine the number of zeros of the determinant M(z) by a direct method(for the special
case F| = F» = 0, i.e., the second queue has a non-preemptive priority over the first queue,
we have proved directly that detM(z) has indeed F» + F; + 3 = 3 zeros in |z| < 1 in Feng
et al(1999)). For the further work, it should be worthwhile to consider the analysis of the
general model with m(> 2) servers and the problem of determining the optimal threshold
values of (F, F) and (R, Rs).
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