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Abstract. In this paper, we introduce a translation invariant integral, called the

(E:R:T )-integral, such that the (E.R)-integrable function de�ned by using the Cantor

set by Kunugi is integrable.

1 Introduction In our paper [9] , we de�ned the space �0(D)
L

M0(D) of generalized

functions on an interval D. A generalized function is expressed by a pair of elements in

�0(D) and M0(D). The set �0(D) is the singular part of �0(D)
L

M0(D) in the sense that

it contains the Æ-function together with it's higher derivatives. The set M0(D) consists of

all real valued measurable functions on D, which is the regular part of �0(D)
L

M0(D) .

In our papers [9] and [6], the translation invariant (E:R:M)-integral over this space was

de�ned. This integral was de�ned for a function g such that there exists a Cauchy sequence

(V (gn; "n; An)) satisfying
T1
n=1 V (gn; "n; An) 3 g , where the sets An are restricted to the

sets of the form (�n; n) n
S
m

k=1 Bk for some open intervals Bk with length 1=n. By this

restriction to the sets An, the (E:R)-integrable function (Kunugi[1]), mentioned in Section

4, de�ned by using the Cantor set is not (E:R:M)-integrable .

In this paper, we introduce another translation invariant integral called the (E:R:T )-
integral. The de�nition of the integral is independent of the above restriction. The above

function due to Kunugi is (E:R:T )-integrable . In Section 2 , we recall some terminologies

and notations containing the de�nition of the (E:R:�)-integral in the paper [9]. In Section

3, we give the de�nition of the (E:R:T )-integral. In Section 4, the (E:R:T )-integral is shown
to be an extention of the (E:R)-integral.

2 Terminologies and notations Let M0(D) be the set of all real valued Lebesgue

measurable functions de�ned on a �nite or an in�nite interval D. In what follows, we suppose

that the setM0(D) is classi�ed by the usual equivalence relation f(x) = g(x) a.e. We denote

measurable functions by symbols f(x); g(x); ::: and a class inM0(D) containing a measurable

function g(x) by the same symbol g(x) or g. For each Lebesgue measurable subset A of D

and " > 0 , we de�ne a pre-neighbourhood V (f; "; A) as

V (f; "; A) = fg 2M0(D) :

Z
A

jf(x)� g(x)jdx � "g:

We denote V (f; "; A) by V (f) if there is no fear of confusion.

De�nition 1 A sequence (V (fn)) = (V (fn:"n; An)) of preneighbourhoods in M0(D) is
called a Cauchy sequence if

(i) V (f1) w V (f2) w :::; and

(ii) "n ! 0:
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For a Cauchy sequence (V (fn; "n; An)) on D, we consider the following two conditions:

(T1) m((D nAn) \ [�1="n; 1="n]) � "n.
1

(T2) fn(x) is decomposed into a sum of measurable functions f1n(x) and f2n(x) on D,

where supp f1n � D nAn, and

Z
DnAn

jf2n(x)jdx � "n:

If (V (fn)) = (V (fn; "n; An)) is a Cauchy sequence which satis�es conditions (T1) and

(T2), the Cauchy sequence is called a G0-Cauchy sequence on D. Let G0(D) be the set of

sequences (fn) such that there exists a G0-Cauchy sequence (V (fn)) with 0 2
T
1

n=1 V (fn).

De�nition 2 A decomposition fn = f1n + f2n in (T2) for a G0-Cauchy sequence (V (fn))

is called an associated decomposition of fn.

If (fn) and (gn) have associated decompositions f1n + f2n and g1n + g2n of fn and gn
respectively such that there is an n0 2 N satisfying f1n = g1n a.e. for each n � n0, we say

that (fn) and (gn) are equivalent. Let �0(D) be the quotient space of G0(D) classi�ed by

this equivalence relation, whose element containing (fn) is denoted by [fn].

The following set is the underling space of our whole theory:

�0(D)
M

M0(D) = f([fn]; g); [fn] 2 �0(D); g 2M0(D)g:

In what follows, we denote the pair ([fn]; g) by [fn]� g.

Let � = (�n) be a sequence of �nite absolutely continuous measures on R . A Cauchy

sequence (V (gn; "n; An)) is called an L0-Cauchy sequence if it satis�es the following three

conditions on D:

(K1) if B is a Lebesgue measurable subset of D with �n(D nAn) � �n(B), then m(B \
[�1="n; 1="n]) � "n:

(K2) if m(D nAn) > 0 for all n , there exist k; k0 > 0 such that

k � �n(D nAn) � k0

for all n.

(K3) if B is a Lebesgue measurable subset of D with �n(D nAn) � �n(B), then

Z
B

jgn(x)jdx � "n:

Let F0(�) be the set of L0-Cauchy sequences on D and let L0(�) be the set of sequences

(gn) in L1(D) such that there exists an L0-Cauchy sequence (V (gn)).

De�nition 3 A sequence (V (gn)) 2 F0(�) is called on L0-Cauchy sequence for g if
T1
n=1 V (gn) =

fgg.

De�nition 4 Let (gn) be a sequence in L0(�) with an L0-Cauchy sequence for g 2M0(D).
If

lim
n!1

sup

Z
D

gn(x)dx = lim
n!1

inf

Z
D

gn(x)dx;

1
We denote the Lebesgue measure of the set A by m(A) .
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this common value is denoted by

I(g;�) = (E:R:�)

Z
D

g(x)dx

and I(g;�) is called the (E:R:�)-integral of g on D. If �1 < I(g;�) < 1, g is called to
be (E:R:�)-integrable on D:

Now we give the de�nition of the (E:R:�)-integration on �0(D)
L

M0(D) .

De�nition 5 Suppose that a sequence (fn) in G0(D) has an associated decomposition f1n+

f2n of fn such that the value

I([fn];D) = lim
n!1

Z
D

f1n(x)dx

exists and the (E:R:�)-integral I(g;�) of g 2 M0(D) exists, where the values of these
integrals may be �nite or in�nite. Then, if I([fn];D) + I(g;�) has a meaning, this sum is
denoted by

(E:R:�)

Z
D

[fn]� gdx = (E:R:�)

Z
D

(fn(x)) � g(x)dx;

and the common value is called the (E:R:�)-integral of [fn]� g on D.

3 The (E:R:T )-integral . Our integral is considered on a �nite or an in�nite open

interval D. We �x two increasing sequences � = (�n) and � = (�n) of real numbers with

limn!1 �n = 1 and limn!1 �n = 1, and a decreasing sequences (Jn) of measurable

subsets with Jn � [��n; �n] and limn!1m(Jn) = 0. Now, we de�ne a sequence (�n) of

�nite measures on R as the following :

(1) Let �n be absolutely continuous measure on R such that

(1:1) �n(En) = exp(��n) ;

where En = R n [��n; �n] , and , if Jn 6= � for n=1,2,3,...,

�n(Jn) = exp(��n) :

We �x �n in the following .

(2) Denote Jn + a = fx+ a;x 2 Jng by Ja
n
. For any Lebesgue measurable subset E of

R and for any mutually di�rent points a1; a2; :::; al 2 D , we set

(1:2) �0
n
(E) =

lX
i=1

�n((E \ J
ai

n
)� ai) + �n(E \En)

+ m(E \ (CEnn [
l

i=1 J
ai

n
)) :2

(3) Put, for n=1,2,3,...,

(1:3) �n = �0
n
nexp(��n) :

Then (�n) is called a sequence of measures de�ned for a1; a2; ::; al. We denote (�n) by

T ((ai)
l

1) or T (a1; a2; :::; al) . If Jn0 = � for some number n0 2 N, for n � n0, the measure

�n is independent of the choice of a �nite number of points a1; a2; :::; al.

As mentioned above, we �x sequences (Jn); (�n), and (�n) in the following.

Let T be the set of all sequences T ((ai)
l

1) of measures . The set T is a direct set with

respect to the order T ((ai)
l

1) � T ((bi)
k

1) de�ned by fa1; a2; :::; alg � fb1; b2; :::; bkg .

2
We denote R n A by CA .
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De�nition 6 Suppose that a sequence (gn) of functions in M0(D) satis�es the following
condition which is called the (�)-condition for a1; a2; :::; al :

For any a 2 D with a 6= ai (i = 1; 2; :::; l),

lim
n!1

Z
Ja
n
\D

jgn(x)jdx = 0 :

Let L�0(T ((ai)
l

1)) ( or L
�
0(T (a1; a2; :::; al)))be the set of all sequences (gn) in L

1(D) satisfying
the (�)-condition for a1; a2; :::; al for which an L0-Cauchy sequence (V (gn)) exists.

Remark 1 In the paper [9] and [6] , we give a concrete expression for measures �n and
sets An. However, in this paper, their expressions are more general.

Proposition 1 If (gn) 2 L�0(T (a1; a2; :::; al)) , then (gn) 2 L�0(T (a; a1; :::; al)) for any
a 2 D with a 6= ai (i = 1; 2; ::; l).

Proof. Let Jn 6= � for n = 1; 2; 3; :::, and let (gn) 2 L�
o
(T (a1; a2; :::; al)). Then there

exists an L0-Cauchy sequence (V (gn; "n; An)) 2 F0(T (a1; a2; :::; al)) and (gn) satis�es the

(�)-condition. Let (�n) = T (a1; a2; :::; al). Then we have �n = �0
n
= exp(��n) by (3). By

virtue of (K2), there exist k1; k2 > 0 such that

(1:4) k1 � �n(CAn) � k2 :

There exists an integer c > 1 such that

(1:5) (k2 + l)=k1 < c :

Put �n = c "n +m(Jn) + �n , where

�n = sup
k�n

Z
J
a

k
\D

jgk(x)jdx:

We will show that

(V (gn))
1

N
= (V (gn; �n; Bn))

1

N
2 F0(T (a1; a2; :::; al))

for a suÆciently large N , where Bn = An \ (D n Jn
a) . Let (�n) = T (a; a1; :::; al). Then we

see that �n = �0
n
= exp(��n) by (3). By (1:1); (1:2), and (1:4), it follows that

(1:6) exp(��n) � �0
n
(Ja
n
) � �0

n
(CBn) � �0

n
(CAn \ CJ

a

n
) +

�n
0(Ja

n
) � (k2 + l) exp(��n) :

Hence (V (gn)) satis�es (K2).

Next we will show that (V (gn)) satis�es (K1) for T (a; a1; :::; al). Let B be a subset of

D such that �0
n
(CBn) � �0

n
(B). By (1:4); (1:5); and(1:6), we �nd that

(1:7) �0
n
(CBn) � (k2 + l) exp(��n) � ((k2 + l)=k1) �

0
n
(CAn) < c �0

n
(CAn):

Therefore we have

(1:8) �0
n
(B \ CJa

n
) = �0

n
(B \ CJa

n
) � �0

n
(B) < c �0

n
(CAn) :
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Since (V (gn; "n; An)) satis�es (K1) for T (a1; a2; :::; al), we have m(B0 \ [�1="n; 1="n]) � "n
for B0 with �0

n
(CAn) � �0

n
(B0) . Hence, from �n > "n , we obtain

(1:9) m(B \ CJa
n
\ [�1=�n; 1=�n]) � c "n:

Moreover, we get

(1:10) m(B \ Ja
n
\ [�1=�n; 1=�n]) � m(Ja

n
) = m(Jn) ;

so that m(B \ [�1=�n; 1=�n]) � �n . Thus (V (gn)) satis�es (K1) .

Finally, we will show that (V (gn)) satis�es (K3). For any set B � D with �0
n
(CBn) �

�0
n
(B), we �nd by (1:8) that Z

B\CJa
n

jgn(x)jdx � c "n :

Hence we have Z
B

jgn(x)jdx � c "n + �n � �n;

which means that (V (gn)) satis�es (K3) . This completes the proof.

Proposition 2 Let [fn]� g 2 �0(D)
L

M0(D) and let (gn) be an element in L�
o
(T ((ai)

l

1))

such that there exists an Lo-Cauchy sequence (V (gn)) 2 F0(T ((ai)
l

1)) for g. If fb1; b2; :::; bkg
contains fa1; a2; :::; alg and [fn]�g is (E:R:T ((ai)

l

1))-integrable (Definition 4) , then [fn]�
g is (E:R:T ((bi)

k

l
))-integrable and their integrals coincide.

Proof. By Proposition 1, we obtain (gn) 2 L�
o
(T ((bi)

k

1)). Hence, [fn]�g is (E:R:T ((bi)
k

1))-

integrable for T ((bi)
k

1). We obtain

(E:R:T ((ai)
l

1))

Z
D

[fn]� gdx = lim
n!1

Z
D

(fn(x) + gn(x))dx

= (E:R:T ((bi)
k

l
))

Z
D

[fn]� gdx:

Now we de�ne a translation invariant integral in �0(D)
L

M0(D).

De�nition 7 Let [fn]� g 2 �0(D)
L

M0(D). Suppose that there exist two sequences (gn)
and T ((ai)

l

1) such that (gn) is an element in L�
o
(T ((ai)

l

1)) with an Lo-Cauchy sequence
(V (gn)) 2 Fo(T ((ai)

l

1)) for g. When [fn] � g is (E:R:T ((ai)
l

1))-integrable, [fn] � g is said
to be (E:R:T )-integrable . The (E:R:T )-integral

(E:R:T )

Z
D

[fn]� gdx

of [fn]� g is de�ned to be the (E:R:T ((ai)
l

1))-integral of [fn]� g.

Remark 2 Let [fn]�g 2 �0(D)
L

M0(D) and let (gn) be an element in L�0(T ((ai)
l

1)) such
that there exists an Lo-Cauchy sequence (V (gn)) 2 F0(T ((ai)

l

1)) for g. If fb1; b2; :::; bkg
contains fa1; a2; :::; alg and [fn]� g is Pc-di�erentiable for T ((ai)

l

1) ([9]; Definition 8), we
can also prove easily that [fn]� g is Pc-di�erentiable for T ((bi)

k

1) and they have the same
derivatives.

Therefore, if [fn] � g is Pc-di�erentiable for T ((ai)
l

1) , [fn] � g is said to be Pc-
di�erentiable for T . The Pc-derivative ([fn]�g)

0

Pc;T
for T is de�ned to be the Pc-derivative

of [fn]� g for T ((ai)
l

1).
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Remark 3 In De�nition in [9] and [6] (Section 4) , we de�ned a translation invariant
(E:R:M)-integral in �0(D)

L
M0(D) . In the similar way as De�nition 7, this inte-

gral was de�ned for functions g 2 M0(D) such that there exists an Lo-Cauchy sequence
(V (gn; "n; An)) satisfying

T
1

n=1 V (gn; "n; An) 3 g , An are restricted to the form

An = D n

l[
i=1

(ai � 1=(2n); ai + 1=(2n)):

Owing to this restriction, the (E:R)-integrable function , mentioned in Section 4, de�ned by
Kunugi by using Cantor set is not (E:R:M)-integrable . In order to remove this restriction,
we use (�)-condition for (gn).

Example 1 Let �n be a measure on R de�ned by

�n(E) =

Z
E

kn(x)dx;

where

kn(x) =

8<
:

exp(�1=x)=x2; on Jn
2 exp(�2jxj); on En

1; on R n (Jn [ En):

Let c be a number with 0 < c < 2. Put Jn = [�1=(2n); 1=(2n)] and a1 = c.There exists a
number n0 2 N such that c� 1=(2n0); c+ 1=(2n0) 2 [0; 2]. For each n > n0, a function gn
on D = [0; 2] is de�ned to be 1=(x� c) on An and 0 elsewhere, where An = D n Jc

n
. Then

(V (gn; 2=n;An))
1

N
2 F0(T (a1)) for a suÆciently large number N > n0. It is easily veri�ed

that (gn) satis�es (�)-condition. Hence we have

(E:R:T )

Z
D

0�
1

x� c
dx = log((2� c)=c):

4 Relation to the (E:R)-integral. In the paper [1] , Kunugi de�ned a function by using

the Cantor set as follows :

Let S01 be the open middle third of S = [0; 1], S01 = (1=3; 2=3); let S11 and S12 be the

open middle thirds of two closed intervals which make up S n S01 , i.e. S
1
1 = (1=9; 2=9) and

S12 = (7=9; 8=9); let S21 ; S
2
2 ; S

2
3 , and S

2
4 be the open middle thirds of the four closed intervals

which make up S n
S2
j=1 S

1
j
and so on ad in�nitum. Putting

S2n

j=1 S
n

j
= Un , we have the

Cantor set S n
S
1

n=0 U
n . A function f is de�ned to be (�1)n3(n+1)=(2n(n + 1)) on Un

for each n and 0 on S n
S
1

n=0 U
n . It is shown by Kunugi that f is (E:R)-integrable.

In this section, we will show that the (E:R:T )-integral is an extension of the (E:R)-

integral. Here, we use the de�nition of the (E:R)-integral due to Okano. In the following,

D is a �nite open interval.

De�nition 8 [Okano[2]] Let (V (fn; "n; An)) be a Cauchy sequence on D satisfying the fol-
lowing three conditions:

(i) m(CAn) � "n,

(ii) For each n, there exists k > 0 such that k m(CAn+1) � m(CAn).

(iii) For any Lebesgue measurable subset B of D with m(CAn) � m(B),

Z
B

jfn(x)jdx � "n:
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Let (fn) be a sequence with a Cauchy sequence (V (fn; "n; An)) such that
T
1

n=1 V (fn; "n; An) 3
f . If

lim
n!1

sup

Z
D

fn(x)dx = lim
n!1

inf

Z
D

fn(x)dx;

the common value is called the (E:R)-integral of f on D and is denoted by

(E:R)

Z
D

f(x)dx:

Theorem 1 If f is (E:R)-integrable on D, then f is (E:R:T )-integrable on D.

Proof. Let (V (fn; "n; An)) be a Cauchy sequence satisfying conditions (i); (ii) , and

(iii). We may assume that 0 < "n < 1 for every n 2 N. Let
T
1

n=1 V (fn; "n; An) 3 f . Put

Jn = �, �n = n, and �n = � log 
n, where 
n = m(CAn) . Let �n be a measure on R such

that

�n(E) =

Z
E

hn(x)dx;

where

hn(x) =

�
1; on R nEn

��n exp(��njxj=n)=(2n); on En:

Then we have

�0
n
(E) = m(E \ (�n; n)) + �n(E \En)

for any E � R, and

�n(E) = �0
n
(E)= exp(��n) (n = 1; 2; 3; :::):

There exists a number n0 2 N such that [�n; n] � D for any n � n0 ,

We will show that (V (fn))
1
n0

= (V (fn; "n; An))
1
n0

is an L0-Cauchy sequence .

Let B be any subset of D such that �0
n
(CAn) � �0

n
(B) . Then we have, by (i),

m(B \ [�1="n; 1="n]) � m(B) � m(CAn) � "n

for any n � n0 . Hence, (K1) is satis�ed . It holds that

�n(CAn) = �0
n
(CAn)= exp(��n) = m(CAn)=
n = 1 ;

so (K2) is satis�ed.

Moreover, from (iii), (K3) is satis�ed. This completes the proof.
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