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ABSTRACT. A multicriteria location problem with rectilinear norm in R? is considered.
We propose an algorithm to find all efficient solutions of the location problem.

1. Introduction. Given demand points in R®, a problem to locate a new facility in
R? is called a single facility location problem. The problem is usually formulated as a
minimization problem with an objective function involving distances between the facility
and demand points. It is assumed that m demand points d; = (d}, d?, d?)" € R*,i € M
= {1, 2, ---, m} and rectilinear norm || - ||; defined on R® are given. Let x = (2!, 22, 2*)T
€ R? be the variable location of the facility. We put D = {d,, ds, - - -, d,, }. Without loss
of generality, it is assumed that D ¢ {(z', z*, 2*)T € R?: 2/ = x4} for each j € J = {1, 2,
3} and any zy € R. If its assumption is not satisfied, then our three-dimensional problems
reduce to one or two-dimensional problems as in [2, 3]. Our main problem is a multicriteria
location problem formulated as follows:

(P) min_ f(z) = (|2 — di|1, ||z = doll1,- -, [|& = dmll)"
rcR

(P) is a problem to find an efficient solution. A point 2o € R® is called an efficient solution
of (P) if there is no & € R?® such that f(x) < f(zo) and f(z) # f(x). Let E(D) be the
set of all efficient solutions of (P). By the definition of the efficiency, each demand point is
efficient in (P). We also consider a minisum location problem formulated as follows:

) min_g(2) = S Nlle - dills
-'I:ER i=1
where A is a positive weight for each d;, i € M. We put A = (A', A2, -+, A™)T and denote

the set of all optimal solutions of (P y) as S*(A).

In R?, the set of all efficient solutions of (P) can be determined by using an algorithm
in [2]. (Py) can be solved by using an algorithm in [3]. (P) and (P ) with another norm or
distance instead of rectilinear norm in R? are considered in [3, 6, 10-12]. In this article, we
consider (P) and (P ) with rectilinear norm in R?. First, we characterize efficient solutions
of (P) by using optimal solutions of (P y ). Next, we give another characterization of efficient
solutions of (P). Then we propose the Frame Generating Algorithm to find E(D), which
requires O(m?) computational time.

In section 2, we give some properties of optimal solutions of (P ). In section 3, we give
some properties of efficient solutions of (P). In section 4, we propose the Frame Generating
Algorithm to find E(D), which requires O(m*) computational time. Finally, in section 5,
we give some conclusions.

2000 Mathematics Subject Classification. 90B85.
Key words and phrases. location problem, multicriteria, rectilinear norm, efficiency.



566 MASAMICHI KON

2. Optimality of (Py). In this section, we give some properties of optimal solutions of
Py)-

The following theorem gives the relation between efficient solutions of (P) and optimal
solutions of (Py).

Theorem 1.(See [7].) A point xo € R® is efficient in (P) if and only if xo is optimal in
(Py) for some X > 0.

From Theorem 1, E(D) can be expressed as
(1) E(D) = {z* € R*: z* € S*()) for some A > 0}.

Thus, in the following, we investigate properties of optimal solutions of (Py).
Since the objective function of (Py), g, can be rewritten as

3 m
-3 Nl - zxzw ] =33 Nl — ],
7j=1 Jj=1 =1
(Py) reduces to three independent one-dimensional problems. Namely, z* = (1%, 22*,
z3*)T € S*(A) if and only if each 27*, j € .J is an optimal solution of the following one-

dimensional problem:

(P;) min g] Z)ﬂx .

wE

These one-dimensional problems can be solved by using an algorithm in [3]. For each j €
J, we denote all optimal solutions of (P;) for A as S7(A). In the following, we concentrate
on (P1). In other (P;), j € {2, 3}, we have the same results as in (P1).

Let f : R — R be a convex function. We denote its left and right derivatives and

subdifferential, respectively, as dﬁf) , dgT‘fr) and Of(z). Namely,

P@) _ feta)=f@) @) _ . fa+ae) - f@)

dz— a0 @ T odzt al0 o

and
df (z) df(z)

de—  dxt

or0) = |

fren 4, S

<y<
dx— ¥y= dxt

Note that if f is differentiable at xg, then df(zg) = {%}, and that zo minimizes f over

R if and only if 0 € 0f(xo) (see, for example, [5]).

Forz € R,weput L(z) = {ie M : d} <z}, R(zx) ={i € M : d} >z} and I(z) = {i
€ M : d} = z}. The objective function of (Py), g1, is a piecewise linear convex function.
It is not differentiable only at each dj, k € M, and we have

—q1
v=dy, ieL(d;)uI(dl) i€R(d})

= M- > X

e=dy,  jer(d}) i€R(dL)UI(dL)

and

Ogr(di) =1 > N—= > XN, Y N- Y X

ieL(dy) i€R(dy)UI(d3) i€ L(d}y)uI(d}) i€R(dy)
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We put dyin = min{d}: i € M} and dpax = max{d}: i € M}. Note that

3) dgy (x) _ d91(2) _ dgl_(m), z€(dj,dy)={ye R:d; <y <d}

- - +
dz= |,_ at dzt |,_ a dz

for dj and d}, where d} > dmin and d} = max{d}: d* < d, i € M}. From (2), &2 —
— 3" N <0 for & < dipin and 2B — S AT S 0 for & > diax. Thus, we have the

following lemma.
Lemma 1. For any fized X > 0, ST () C [dmin, dmax)-

From (2), (3) and Lemma 1, (i) S7(X) = {d}} for some d}, k € M; or (ii) Sf(A) = [d},, d}]
for some d}, d}, k, ¢ € M such that dj, < d} and that d} < d} or dj < d} for any d}, i €
M.

3. Properties of efficient solutions. In this section, we give some properties of efficient

solutions of (P) by using properties of optimal solutions of (P ).

For &y = (x), 23, 23)T € R?, x is called an intersection point if =l € {d’: i € M}, j

€ J. We denote the set of all intersection points as I, and put

& =min{d :ie M}, &, =max{d :ie M}, je.J

min

Then _ _ .
B={(z",2*a") e R* : ), <o’/ <d.,je ]}
is called the intersection boz (see Figure 1). From Theorem 1 and Lemma 1, E(D) C B.

d2 = (07 07 2)T

the intersection box

iy w—

intersection points (three-dimensional) box
.d4 = (27 47 O)T
d3 = (Ov 27 _2)T

dl = (47 07 _I)T

Figure 1. Intersection points, the intersection box, a box.
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We put e; = (1, 0,0)7, es =(0,1,0)7, e3 = (0,0, )T € R® and z = (v, 77, z})7,

zy = (21, 23, 23)T € I. For each j € J, we call z an e;- oriented intersection point (resp

a —ej-oriented intersection point) adjacent to xj, if :rk > xh (resp. :rk < :rh) :rk = a:h , 7'

# j and there is no @, = (z}, 23, «3)" € I such that =, < z] < a}, (vesp. z}, < z{ < ).

For each j € J, let d[1]: d[2]’ e df B be all distinct real numbers among d?, d, - -,
d?, such that dfl] < d[Q] < < d[ . and we put

p%Az{%ﬁ,k:Lz~,mj

and ) o
Py, = [dfk]’dfk-i-l]] g
For each kj € {1,2, ---,2m; — 1}, j € J, F}, x F, x F{ is called a box. Moreover, if k
numbers are odd among ki, k2, ks, then F1 X F2 ><F3 is called k-dimensional box (see
Figure 1).
For any fixed A > 0, S*(A) = F{ x F{ x F} forsome k; € {1,2,---,2m; — 1}, j €
J. Therefore, E(D) is the union of some boxes. The union of all one-dimensional boxes in
E(D) is called the frame of E(D).

Theorem 2. ([13]) Let hy(w) and hy(w) be convex functions defined on R, where h; is
minimized at w;, i = 1, 2 and wy < we. Then, given any W € [wy,w,], there exists § € [0,
1] such that w minimizes Oho(w) + (1 — 8)hy (w).

k=1,2,--- ,m; — 1.

Corollary 1. Forx = (x}, m%, )T, @y = (2), 23, 23T € B, it is assumed that 1° #

19 for some jo € J and x] = x}, j # jo. We put * = ax1 + (1 — a)xs, a € (0, 1). If
:cl, X2 € E(D), then x* € E(D).

Proof. Without loss of generality, we assume that

ol <al 2l =2l je{2,3).
Since 1, ®y € E(D), 1 € S*(A1) and 2 € S*(A2) for some A; > 0 and A2 > 0 by
Theorem 1. Thus, z; € Sf(A1), 3 € S7(A2) and a1, 23 € S7(A1) () SF(A2), j € {2, 3}.
For each j € {2, 3}, if we put z7/* = az{ + (1 — a)z}, then :L’j* € S*(B)q + (1 — 0)Ay) for
any 0 € [0, 1]. We put #1* = a 21 + (1 — a)zl. Since 2} < 2'* < a:z, there exists 6; € [0,

1] such that z'* € S;(6: A1 + (1 — 61)X2) by Theorem 2. Since z* = (z*, 22*, 2°*)T €
S*(01A1 + (1 — 61)A2), z* € E(D) by Theorem 1. a

Theorem 3. Let hi(w) and ha(w) be convex functions defined on R, where h; is
minimized at w;, i = 1, 2 and wy < wy. Then, given any W € [wy, ws],

H = {6 €0,1] : w minimizes Oha(w) + (1 — 0)hy (w)}
is a closed interval.

Proof. Fix any W € [wy, wy]. If wy = ws, then H = [0, 1]. Thus, we assume that w; <
wy. For § € [0, 1], W minimizes 6hy(w) + (1 — 8)hy(w) if and only if

0 € 3(Oha(W) + (1 — O)hy (W)) = BOha (W) + (1 — 6)Ohy (W).

Holding the above equality is proven in [5]. If y; € Ohy(w) and W > wl, then y; > 0. If yo
€ Ohs(w) and W < wo, then y2 < 0. These follow from the fact that w' < w", y' € Oh(w')
and y'" € Oh(w") imply y' < y" for any convex function h defined on R (see [5])
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(i) First, we suppose that W = wy. In this case, Ohi (W) = [a1, az] and Ohz (W) = [—bo,
—by] for some ay, as, by, by € R such that a; <0 < as and 0 < by < be. If by > 0, then we
have H = [0, a2/(b1 + a2)], otherwise H = [0, 1].

(ii) Next, we suppose that W = wy. In this case, Ohy (W) = [a1, az] and Ohx (W) = [by,
bs] for some ay, as, by, by € R such that 0 < a; < ag and by <0 < by. If a; > 0, then we
have H = [a1/(a1 — b1), 1], otherwise H = [0, 1].

(iii) Finally, we suppose that wy < W < ws. In this case, Ohy (W) = [a1, a2] and Ohy (W)
= [—bg, —bl] for some ay, as, bl, by € R such that 0 <a; <as and 0 < by < by. If a1 +
by # 0 and by + az # 0, then we have H = [a1/(a; + b2), az/(b1 + a2)], otherwise H = [0,
1]. ad

By Corollary 1, if all vertices of a box are efficient in (P), then any point in the box is
efficient in (P).

Corollary 2. For x = (2}, 22, 23)1, @, = (z}, 22, 23)T € E(D) N I, it is assumed
that Jo = {j € J: a:fl # mi} # 0. For each j € Jo, lety; = (yj, y3, yf)T be an e;-oriented
intersection point (resp. a —e;-oriented intersection point) adjacent to x;, if xfl > hi (resp.
xfl < a:fc) Then there exists jo € Jo such thaty; € E(D).

Proof. Without loss of generality, we assume that m{_b < a:i, j=1-+,5(<3)and a:fl =
xy, j =s+1, -+, 3. We shall show only the case z}, < x}, z7 < z} and 2§ = z}. In other
cases, it can be shown similarly.

Since @y, z € E(D), zr, € S*(As) and x5, € S*(Ag) for some Ay, = (A}, )\%? AT
> 0 and A\; = (A, A7, ---, A7) > 0 by Theorem 1. Then, for any j € J, z; € S;(An)
and zj, € S(Ar). Since z}, < y} < a}, there exists 6; = min{f € [0, 1] : y} € S;(8An +
(1 — 6)Xx)} by Theorem 3. Then we shall show that ) € ST(6A, + (1 — §)Ax) for any §
€ [0, 64]. It is trivial when #; = 0. Thus, we assume that §; > 0. We put

0
n= 0— and Al = 01)\h + (1 — 01))\k
1
Then
OAn + (L= 0)Ag, 6 €10,60,]
can be expressed as
noi AL + (1 —nf1)Ae = A1 + (L —n)Ax, n €[0,1].
We put
fi(z) =Y Nz —d}] and fr(z) =Y M|z —d}|
i=1

i=1
where Al = ;A + (1 — 61)AL, i € M. Since yi € S;(A1) and z} € S;(Ar), 0f1(y}) = [a1,
as] and O fx(x}) = [b1, bo] for some a1, as, by, bs € R such that a; < 0 < ay and by <0
< bs. Since yi < =z}, Ofi(z}) = [a}, ab] and Ofx(yi) = [b], bS] for some a}, ab, by, by € R
such that ay < af < ab and b} < b} < by. For n € [0,1], we put

G(n) = ndfr(xg) + (L — )0 fe(xy) = [br + n(al — by), b2 + nlay, — by)]

and
H(n) = ndfi1(y1) + (1 —mdfi(yt) = by +nlar — b}), b5 +n(az — by)].
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By definitions of 8; and n,

(4) 0€ H(1),0¢ H(n),n€[0,1]\ {1}

Thus, it needs that as = 0 and b, < 0. By Theorem 2, for zy € (yi, =), there exists o
€ [0, 1] such that =y € Si(moA1 + (1 — nmo)Ax). In this case, [y, z1] C Sf(noA1 + (1 —
Mo)Ak). Thus, we have

0€G(m) ﬂH(Uo)-

From (4), it needs that 9 = 1. Since it needs that a} = 0, 0 € G(n) for any n € [0, 1]. By
the definition of G(n), z1 € S;(nA1 + (1 — n)Ag) for any n € [0, 1]. Namely, by definitions
of n and A1, z} € S7(dAn, + (1 — &)Ag) for any § € [0, 6;]. Similarly, there exists 6, =
min{f € [0, 1] : y5 € S3(6An + (1 — 0)Ax)} by Theorem 3. Then 23 € S;(6An + (1 —
0)Ar) for any § € [0, 65].

On the other hand, since z§ € S3(Ax) N S5(Ar), 27 € S3(OA, + (1 — 0)Ay) for any 6
€ [0, 1]. We put

0j0 = min{01,92} and Ajo = Ojo)\h + (]. — Ojo))\k.
Then ygo € S7(Xjy), J # jo and ng € Sj (Aj,) by the definition of 6;,. Since y; € S*(A;,),
Y, € (D) by Theorem 1. O

4

From Corollary 1 and 2, there exists “zig-zag path” between any two efficient solutions of
(P). Moreover, the frame of E(D) is connected. If the frame of E(D) is determined, then
E(D) can be constructed. Thus, we give an algorithm to find the frame of E(D) in the
next section.

4. Algorithm to Find All Efficient Solutions. In this section, we propose the Frame
Generating Algorithm to find the frame of E(D), which requires O(m*) computational time.

In the Frame Generating Algorithm, checking that an intersection point is efficient in
(P) or not is needed. Thus, in the following, we state how to check it.

For € R®, we put Bg (z) ={y € R’: |ly — di|li < ||z — di|l:},i € M and B(z) =
Niz, Bg, (z). By the definition of the efficiency, o € E(D) if and only if B(zo) does not
intersect the interior of any By (o). For e > 0 and z € R?, we put D.(x) = N.(z) N
B(x), where N (x) is an e-neighbourhood of . Then we have the following lemma.

Lemma 2. A point xy € R? is efficient in (P) if and only if D.(x) does not intersect the
interior of any By (o) for some e > 0.

Proof. If zy € E(D), then D.(xo) does not intersect the interior of any By (zo) for any
€ > 0 by the definition of the efficiency.

Assume that xo ¢ E(D). Then there exists y € R® such that ||y — di||; < ||zo — dil1,
i € M and ||y — di|l1 < ||xo — di|1 for some k € M. For a € (0, 1), [|[(1 — a)xo + ay —
dill1 < |lzo — dil|1, 7 € M by the convexity of || - ||1. Since ||y — dil|1 < ||xo — di||1, y is
an interior point of By (o). Thus, we have ||(1 — a)zo + ay — dill1 < [|®o — dil:- For
any € > 0, if « is sufficiently small, then (1 — a)zg + ay € D.(xo) is an interior point of
Bdk (:BO) O

Following [12], we introduce the concept of the summary diagram in order to check that
an intersection point is efficient in (P) or not by applying Lemma 2. In [12], the summary
diagram is introduced for multicriteria location problems with one-infinity norm in R?. We



MULTICRITERIA LOCATION IN R? 571

put
Oy = {(2*,2%,2%)" € R® : 2 > 0,27 > 0,2° > 0},
Oz = {(2*,2%,2%)" € R® : ' < 0,27 > 0,2° > 0},
03 = {(z',22,2%)T e R® : 2! < 0,22 <0,2° >0},
Oy = {(a*,22,2)T e R® : 2' > 0,22 <0,2° >0}

and O_, =-0,,n=1,2,3,4. Forx € R?, the summary diagram of x, SD(x), is defined
as follows:
SD(x) = {n € {£1,£2,+,3,+4} : d; € O, (x) for some i}.

Conveniently, SD(x) is represented in diagram form as follows: First, we draw the cube
with vertices v; = (1, 1, 1), vy = (=1, 1, )T, v3 = (-1, -1, )T, vy = (1, -1, 1)T and
v_, = —vy,, n =1, 2, 3, 4; Next, for each n € {£1, £2, £3, +4}, dot ”n if n € SD(x).
For example, SD(z) = {2, 3,4, —2, -3} for d; = (3,0,4)T, d2» = (4,2,0)T, d3 = (2,1,3)T,
d, = (0,4,5)7, ds = (1,5,2)T and = = (3,2,1)7. Figure 2 shows its summary diagram in
diagram form.

V3 )

V4

U1

V_9 V_3

Figure 2. SD(:I:) ={2,3,4,-2, —3}.

(iv)
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(xi) (xii)

(ix) (x)

Figure 3. Patterns of summary diagrams of an intersection point.

For zg = (z}, 23, z3)T € I, SD(z) coincides with one of patterns illustrated in Figure
3, where we identify summary diagrams in diagram form if they are the same pattern by
rotation.

If the pattern of SD(xp) is one of (i)-(v) in Figure 3, then the D.(xo) = {x} for £ > 0.
In this case, &y € E(D) by Lemma 2. If the pattern of SD(z¢) is (xii) in Figure 3, then
the interior of D.(x¢) is not empty. In this case, ¢ ¢ E(D) by Lemma 2. If the pattern
of SD(zo) is one of (vi)-(xi) in Figure 3, then @y ¢ E(D) if and only if there exists i € M
satisfying one of conditions in Table 1, where it is assumed that d; — xq, ¢ € M are rotated
to fit the pattern of the summary diagram. In Table 1, we put

+ 1fd]—;r0>0,
Si]'E 0 1fdJ—a:0—0,
— ifd —a} <0

for i € M and j € J. For example, when SD(xy) = {1, 2, 3, 4, —3, —4} whose pattern is
(vi), o ¢ E(D) if and only if there exists i € M such that (s;1, si2, si3) = (0, +, +) or (+,
+,4) or (—, +, +).

Given xg € I, the pattern of SD(x¢) can be determined in O(m) computational time
by comparing components of @y and each d;, i € M. Namely, checking that o € E(D) or
not requires O(m) computational time.

Table 1. Necessary and sufficient conditions of xy ¢ E(D) in patterns (vi)-(xi).

Pattern (Si1, 842, Si3)
(vi) | (@) (0,+,+) (b) (+,+,+) (¢) (=, +,+)
(vii) | (@) (+,0,4) () (0,4+,+) () (+++) (d) (+,—=+) (¢) (= +,+)
(Vlll) (a‘) (_70,_'_) (b) ( ’+,0) (C) (_7+7+)
(ix) (a) (+,+,0) (b) (+,0,+) (c) (+,+,+)
(x) @ ©O—=+) B+ —+) (©(=—+)
(xi) | (@) (+0,+) () (+,++) (¢ (+ —+)

Remark. In view of the fact that the frame of E(D) is the union of all one-dimensional
boxes in E(D), which is connected, we can construct a connected graph (V, E), where V
=TI () E(D) and E is the set of all arcs in the graph. Given @1, 2 € I (| E(D), the
arc a(x1,x2) which connects x; and x» is in E if and only if x; and x> are adjacent and
efficient in (P). This concept will be the guide for describing an algorithm to locate the
frame of E(D).

In the Frame Generating Algorithm, we put
{( k]’d[f]7d{l]) € R3 ke {172, ,ml}vg € {1,27 7m2}}’ L= 1,27"' , M3,
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We use r as a counter which represents the number of iterations. For each r € {1, 2, ---,
ms3}, the Frame Generating Algorithm finds one-dimensional boxes in the frame of E(D),
which are connected with any initial point dr, € V, through only intersection points in
V. (| E(D). L, C V, is the set of checked intersection points which are connected with
the initial point through only intersection points in V. (| E(D). S, C L, is the set of
intersection points which have been checked that one-dimensional boxes connected with
them are contained E(D) or not. D,, G, C V,. are the sets of checked intersection points
which are efficient and not efficient in (P), respectively. We use 7' as the union of one-
dimensional boxes in E(D) which have been checked before. Moreover, for =,y € R?, we
put [z, y] ={(1 - Nz + Ay : X €[0,1]}.

The Frame Generating Algorithm

Step 0. Set S; =0,G; =0, D;, =D V;,i=1,2,---, m3. Foreachi € {1,2,---, m3},
choose any dy, € D; and set L; = {dy,}. Set T = and r = 1.

Step 1. If L, = S, then set r = r + 1. If » > mg, then stop. (T is the frame of E(D).)
Step 2. Choose any xo = (djy, df, d[BT])T €L, \S,andset S, =8, J {xo}-

Step 3. Set W = 0.

(a) If £ > 1, then set z_; = (d[1k71]7 d%e]a d[3r])T and W =W {x_1}.
(b) If k < my, then set &1 = (dfy, ), 4y, di))" and W =W U {1}
(c) If £ > 1, then set ¢ 5 = (d[lk], d{zz_l], M) and W =W | {z_2}.
(d) If £ < ms, then set ¢y = (d{lk], d[2z+1]v M) and W =W | {z2}.

Step 4. If W = 0, then go to Step 6, otherwise choose any x, € W and set W = W \
{zn}-

Step 5. If [z, x,] C T, then go to Step 4.

(a) If &, € D,, thenset T =T |J [xo, ], and if x,, ¢ L, then L, = L, J {z,},
and go to Step 4.

(b) If &, ¢ G, then check that &, € E(D) or not by using its summary diagram. If
z, € E(D), thenset T =T | [xo, zy], D» = D, U {z,} and L, = L, U {z,},
otherwise set

3

d? o) dg], dg

{( )T:p:1>27"'7k_1} 1f77:—1>
{(dp,d w ")
{(q )
{(q; )

:p:k+17"'>ml} 1f77:1;
p=12,--- £—-1} ifn=-2,
p=L+1,--- ,my} ifn=2.

T

GrU
G.U
G =3 a U
GrU

q'ﬂ

T

[k]’ [p]’ [7‘]
(k] [p]’ [7‘]

~

T

Go to Step 4.
Step 6. If » < mg3, then set x3 = (d[lk], d[ze], d[BTH])T, otherwise go to Step 1.

(a) If &3 € D,y1, then set T = T | [xo, x3] and go to Step 1.

(b) Check that 3 € E(D) or not by using its summary diagram. If z3 € E(D),
thenset T =T U [0, 3] and D,41 = D,41 |J {x3}, otherwise set G, = G, |J
{(d[k], d[QZ], d? ) Lp=r+1,---, m3. Goto Step 1.
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In Step 0, for each j € J, we can obtain d{u’ d{Q], R d{m]_]
dg, -+, dJ which requires O(mlogm) computational time [1]. Then V;, D;, i =1,2,---,m3
are determined. Thus, D;, 1 =1, 2, ---, m3 can be determined in O(m log m) computational
time. In rth iteration, the Frame Generating Algorithm checks that intersection points
adjacent to each intersection points in L, C V, are efficient in (P) or not by using their
summary diagrams. The number of iterations is O(m). The number of intersection points
in L, is O(m?) and the number of intersection points adjacent to an intersection point,
which should be checked, is at most five. Checking that an intersection point is efficient in
(P) or not by using its summary diagram requires O(m) computational time. Therefore,
the Frame Generating Algorithm requires O(m?) computational time.

Finally, we consider an example problem for d; = (3, 0, )7, dy = (4, 2, 0)T, d3 = (2,
1,3)", dy = (0,4, 5)7 and ds = (1, 5, 2)T. Applying the Frame Generating Algorithm for
the multicriteria location problem (P), we have the frame of E(D) illustrated in Figure 4.

by sorting m real numbers d{,

d4

d,

ds

d>

Figure 4. The frame of E(D). (e : intersection points in E(D))



MULTICRITERIA LOCATION IN R? 575

5. Conclusions. We dealt with multicriteria and minisum location problems with recti-
linear norm in R®. Our main interest was to find E(D). First, as corollaries of Theorem 2
and 3, we obtained characterizations of efficient solutions of (P) by using optimal solutions
of (Py). They guarantee that E(D) can be determined by the frame of E(D) and that
the frame of E(D) is connected. Next, we introduced the concept of the summary diagram
to check that an intersection point is efficient in (P) or not. We can check that an inter-
section point is efficient in (P) or not according to the pattern of its summary diagram.
Finally, based on these results, we proposed the Frame Generating Algorithm to find the
frame of E(D). The Frame Generating Algorithm generates the frame of E(D) by tracing
one-dimensional boxes in E(D).
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