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STRONGLY FLUID AND WEAKLY UNSOLID VARIETIES
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ABSTRACT. A variety V is called solid if every identity in V' is satisfied as hyperidentity,
i. e. if for every substitution of terms of V of appropriate arity for the operation
symbols in s & ¢, the resulting identity holds in V. In the most cases it is very difficult
to check whether an identity is satisfied as hyperidentity. The reason is that there are
too much substitutions of terms for operation symbols. In this paper we will present
methods to reduce the number of substitutions which are to check. This will be done
by using some equivalence relations on the set of all substitutions of terms for operation
symbols.

Particular properties of the corresponding equivalence classes lead to the concepts
of strongly fluid and weakly unsolid varieties. The results will be applied to varieties
of bands, of overcommutative semigroups and to some varieties of non-commutative
groupoids.

1. Preliminaries. By {f; | i € I} we denote an indexed set of operation symbols of type
7 where f; is n;—ary. Let W,.(X) be the set of all terms built up by variables from X and
operation symbols from {f; | i € I}.

To precisizes what we understand under substitution of a term for an operation symbol
we introduce the concept of a hypersubstitution of type T as a map which associates to each
fundamental operation symbol f; of type 7 a term o(f;) of type 7 of the same arity. Any
such map can be inductively extended to a map & defined on the set of all terms of type 7
as follows:

(i) 6[z] := x for every variable z € X,

(i) o[fi(t1,... ,tn;)] :==0(fi)(6[t1],- .. ,F[tn,]) for any terms ¢y, ... ,t,, and any operation
symbol f;.

On the set Hyp(r) of all hypersubstitutions of type 7 we define a binary associative
operation by oy o 09 := &1 0 02 where o is the usual composition of functions and obtain a
monoid Hyp(7) := (Hyp(7); on,0iq) with o4(fi) = fi(z1,... ,zn,).

An identity s & t satisfied in the variety V' of type 7 is a hyperidentity if 6[s] ~ &[t] are
identities in V for all o € Hyp(r).

A weaker concept is that of an M -hyperidentity where we request this property only
for all hypersubstitutions from a submonoid M C Hyp(r). A variety V is called solid if
every of its identities is a hyperidentity. The weaker concept defined by M-hyperidentities
is called M -solidity. The importance of these concepts consists in the fact that all M -solid
varieties of type 7 form a complete sublattice Sys(7) of the lattice of all varieties of type 7
with
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My C© My = Su, (1) € Smy (7) ([1)-

Further we will use the following denotations:
1AV — the set of all identities satisfied in the variety V,
we write V Es~tand A | s~ tif s~tisan identity in
the variety V' or in the algebra A , repectively,

ModY, — the class of all algebras of type 7 satisfying all equations from
Y as identities,

HIdV — the set of all hyperidentities satisfied in the variety V, i. e.
HIdV :={s=t| Vo e Hyp(r)(6[s] = o[t] € IdV)},

P(V)  — the set of all hypersubstitutions of Hyp(7) which preserve all

identities of the varietyV, i. e.

P(V):={o |Vsx~te IdV(c[s] ~a[t] € IdV)}.
Hypersubstitutions from P(V) are called V—proper. The set P(V) forms a submonoid
of Hyp(r) and V is solid iff P(V) = Hyp(r). A hypersubstitution o is called V-inner
if o(fi(z1,-.-,2n,)) =~ fi(x1,...,%n,) is an identity in V. The set Po(V) of all V-inner
hypersubstitutions forms a submonoid of P(V') ([5]).
2. Equivalence relations on sets of hypersubstitutions. To reduce the complexity
of checking J. Plonka introduced the following binary relation on Hyp(7) with respect to a
variety V of type 7 ([5]).

o1 ~v 09 1 o1(fi) = o2(f;) € IdV for every i € I.

Clearly, ~y is an equivalence relation on Hyp(7) and satisfies the following property: if
G1[s] = 61[t] € IdV and o1 ~y 02 then G2[s] = d2[t] € IdV. Because of this property it
is enough to consider one representative from each equivalence class with respect to ~y
if we want to test whether s & t is a hyperidentity in the variety V. Therefore using a
choice function ® we have to select a set Np *” (V) € Hyp(r) of representatives for the
quotient set Hyp(r)/ ~v. Further, because of 0;4(fi) = fi(x1,...,x,;) the set Py(V) is
the equivalence class of o;4 and P(V') is a union of equivalence classes with respect to ~y .

For a hypersubstitution ¢ € Hyp(7) and an algebra A = (4; (f
the derived algebra o[A] by o[A] := (A; (0(fi)4)icr)-
Here o(f;)2 is the term operation induced by the term o(f;) on the algebra A.

)ier) of type T we define

The following property plays an important role in the theory of hyperidentities:
AEd[s|= o[t & o[Al Es~t (conjugate property)

Further one has

Proposition 2.1. ([5]) Let V' be a variety of type T and let 01,09 be hypersubstitutions
of type 7. Then

o1 ~y 02 & 01[A] = 02]4]

forall AeV.

As counterpart of solid varieties in [3] the concepts of unsolid and completely unsolid
varieties were defined.
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Definition 2.2. A variety V of type 7 is unsolid if P(V) = Py(V') and completely unsolid
it P(V)=Py(V) ={0ia}-

In [6] D. Schweigert defined fluid varieties to express the opposite of solidity.

Definition 2.3. A variety V of type 7 is called fluid if for every algebra A € V and for
every hypersubstitution o € Hyp(7) there holds

glAl eV = og[A] = A.

It is easy to prove that every subvariety of a fluid variety is fluid and that all subvarieties
of a fluid variety V of type 7 form a sublattice of the lattice of all varieties of type 7. In [3]
was proved:

Proposition 2.4. Let V be a variety of type T and let Hyp(7) be the set of all hypersub-
stitutions of type 7. Then

(i) If V is fluid then for every hypersubstitution o € Hyp(7) there holds:
ceP(V)=>VAec V(4] =A4).

(ii) IfV is a minimal variety, (i.e. an atom in the lattice of all varieties of type 7) and if
V' is unsolid then V is fluid.

We define a new relation on Hyp(7) generalizing the property of the relation ~y of Propo-
sition 2.1.

Definition 2.5. Let V' be a variety of type 7 and let 01,02 be hypersubstitutions of type
7. Then we define

o1 N{, o2 & VA € V(01[A] = 02[A]).

Clearly, ~, is also an equivalence relation on Hyp(t) and contains the relation ~y . Further
we have:

Proposition 2.6.
(i) The relation ~I, is a right congruence on Hyp().
(ii) IfV is solid then ~1, is a congruence on Hyp(t).

Proof. (i) Let oy ~I, 02 and o0 € Hyp(r). Then o1[A] = 03[A] for all A € V. If two
algebra are isomorphic then the derived algebras are also isomorphic (see [6], Lemma 3.1).
Therefore, o[o1[A]] = o[o2[4]]. Now we prove that (o1 op 0)[4] = o[o1[A4]]. We use the
fact that if ¢ is a term and if ¢“[4] is the term operation induced by # on the algebra o[A]
then t(4] = 5[t]4. (see [4]). Then f77'A = 5[f,]71141 = 6, [o(f:)]A = £ for all

i € I. As a consequence we have (o oy, 0)[A] = o[o1[A]] = o[o2]A]] = (02 on 0)[A] and
01 Op O N{/ 09 Op O.
(ii) If V is solid then for every A € V and every o € Hyp(7), one obtains o[A] € V. But

then from o; ~!, o3 one has o1[0[A]] = oa[0[A4]], i.e. (0 04 01)[4] = (0 o4 02)[A] and
o op 01~ 0 op, 02. This shows that ~{, is also a left congruence and thus a congruence. B

The following theorem shows that the relation N{, makes it easier to check hyperiden-
tities:

Theorem 2.7. Let V' be a variety of type . Then the following hold:

(i) For all 01,05 € Hyp(t), if 01 ~i, 09 then oy is V-proper iff o3 is V-proper.
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(ii) For all s,t € W(X) and all 01,02 € Hyp(7), if 01 ~i, o2 then the equation 61[s] ~
61[t] is an identity in V' iff 69[s] & 62[t] is an identity in V.

Proof. (i) Let oy be a V-proper hypersubstitution. Then for all identities s ~ ¢ in IdV
the equation &1[s] & &1[t] is an identity in V, i.e. for all A € V' we have A |= 61[s] = 61]t].
Using the conjugate property we have o1[A] = s &~ t. Then o1 ~1, 0 gives 01[A] = 72[4]
for all A € V. Since Idoi[A] = Idoy[A] we have 02[A] = s ~ t and using again the
conjugate property this gives A |= 62[s] ~ d2[t] for all A € V and this means d2[s] & F2[t]
is an identity in V' and o5 is also V-proper. The converse direction follows in the same way.
(ii) If 61[s] ~ 61[t] is an identity in V then for all A € V' we get A |= 61[s] = 71[t] and then
o1[A] £ s = t. Since g1 ~I, 02 we have 1[A] = 05[A] for all A € V' and then 0»[A] | s ~ t
and thus A | 62[s] & d2[t]. The converse follows in the same way. |

Theorem 2.7 (i) means that the submonoid P(V) of Hyp(7) is a union of equivalence

classes with respect to the relation ~,.

If we restrict our attention to a submonoid M of Hyp(r) and to the restricted relation
I
~y we get:

Lemma 2.8. Let M C Hyp(7) and let V be a variety of type . Then the monoid P(V)NM
is a union of equivalence classes of the restricted relation ~1, | M.

Proof. Let o be a hypersubstitution in P(V) N M, and let o € M satisfy o ~%, |M 0. We
want to show that g is also in P(V'). Let s ~ t be any identity of V, then [s] ~ &[t] € IdV,
ie. for all A € V(A = 6[s] = d[t]), but then o[A] = s = ¢t and o[4] = o[A] shows
oAl l=s~t,AE o[s] =~ gt forall Ae V and p€ P(V)N M. [

Let M be a monoid of hypersubstitutions. Consider the quotient set M/ ~LM: Let @ be
a choice function which chooses from M one hypersubstitution from each equivalence class
of ~, |[M and let "Ng'(V) be the set of hypersubstitutions so chosen. From [0i4] 1 |5 the

function ® chooses 0;4. The set I N} (V) is called set of V-normal form hypersubstitutions
with respect to ® and ~{, |M.

By o1 ony 02 := ®(0y o 02) we define a binary operation on {NM (V) and obtain a
groupoid with identity element.

A variety V is called !N} (V)-solid if every identity of V is preserved by every hyper-
substitution from N2 (V). Then we have

Lemma 2.9. Let M be a monoid of hypersubstitutions of type T and let V be a variety of
type 7. For any choice function ® the variety V is M-solid iff V is N (V)-solid.

Proof. It is clear that if V is M-solid then it is certainly also N} (V)-solid. Conversely,
suppose that V is TN} (V)-solid. This means that all the members of the set ! NM (V) are
also members of P(V)( M. Since by Lemma 2.8 P(V) (| M is a union of ~{, |M-classes, a
hypersubstitution that is equivalent to an element of INéV[(V) is also in P(V)) [ M. But by
construction any element of M is equivalent to an element of N j)” (V). Thus M C P(V),
and V is M-solid. [ |

In analogy to [4], Theorem 4.4.9 we obtain also:

Theorem 2.10. Let V be a variety of type T, and let M be a monoid of hypersubstitutions
of type 7. Let ® be a choice function which chooses one hypersubstitution from each class
with respect to ~i, |M. If the set 'NM (V') is finite, and if V has a finite equational basis
3, then the hypermodel class HprModY. is also finitely based.

Proof. It follows from the general theory of hypersubstitutions (see [4] ) that the set
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I: ={6[s]~dft]ls=teX,0e M}
is a basis for Hy ModY. Now let
0: = {6[s] = 6[t]ls~te X, 0 e INM(V)}.

Using the five derivation rules for identities © yields I', so that © is also a basis for
HyModY. But under the hypotheses that both ¥ and "N}'(V) are finite, we see that ©
is also finite. ]

3. Application to fluid varieties. Using the definition of the relation ~{, Definition 2.3
can be reformulated to: A variety V of type 7 is fluid if for every algebra A € V and for
every hypersubstitution o € Hyp(7) there holds:

olA] eV =0 N{/ Oid-
Inner hypersubstitutions form the equivalence class of o;4 with respect to the relation ~y .
In parallel we define

Definition 3.1. A hypersubstitution o € Hyp(7) is called weakly inner hypersubstitution
with respect to N{, if o N{/ 0id- By Pr (V) we denote the set of all weakly inner hypersub-
stitutions with respect to V.

The set Py (V') has the following properties.
Proposition 3.2. Py (V') forms a submonoid of P(V') which contains Py(V') as submonoid:

Py(V) C Pu(V) € P(V).
Proof. Since ~yC~{, and since Py(V) = [04]~, we have
Po(V) = [oid]~y C [oid]r, = Pu(V).

Assume that 0 € Py (V). Then for all A € V we get o[A] 2 A. If s = ¢ € IdV, ie. if
AEs~tforall A€V, then using the isomorphism, o[A] | s &~ t and by the conjugate
property we get A = 6[s] = [t], i.e. o is a V-proper hypersubstitution and then Py (V) C
P(V). Since the product of two inner hypersubstitutions is an inner hypersubstitution
the set Pp(V) forms a submonoid of Py (V). We have to show that the product of two
hypersubstitutions from Py (V) belongs to Py (V). Assume that 01,00 € P (V). Then
01[A] =2 A and 02[A] = A for all A € V. But then also (01 o, 02)[4] = 02[01[4]] = 02[A4] =
A since every isomorphism between two algebras is an isomorphism between the derived
algebras (see [6]). But then oy o, 02 N{, oia and o1 op 03 € P (V). [ ]

Then from Proposition 2.4 we obtain:
Corollary 3.3. If V is a fluid variety then P(V) = Py (V).

Proof. In any case there holds P (V) C P(V). By Proposition 2.4 for a fluid variety
we have: if 0 € P(V) then for all A € V' (0][4] = A), but this means, if ¢ € P(V) then
o € Py (V) and so P(V) C Py (V). |

The set N2 (V) can be used to test whether V is fluid or not.

Lemma 3.4. The variety V is fluid iff for all A € V, for all o € NE¥"™) (V) with respect
to some choice function ® the following implication is satisfied:

o[A] € V = o[A] = A. (%)
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Proof. If V is fluid then this implication is satisfied for all o € Hyp(r), especially for

all hypersubstitutions coming from Inyp(T) (V). If conversely for all o € INgyp(T)(V)
the implication o[A] € V = o[A] = A is satisfied and if ¢’ € Hyp(r) then we can find
a hypersubstitution o € INZ*"(7(V) with ¢/ ~I . But this means o'[4] 2 ¢[A] and
o'[A] € V implies ¢'[A] = o[A] = A and (*) is satisfied for all hypersubstitutions ¢’ from
Hyp(r). |

4. Generalization of fluid and unsolid varieties. We can sharpen the definition of a
fluid variety if we request the equality o[A] = A on the right hand side of the implication
in Definition 2.3.

Definition 4.1. A variety V of type 7 is strongly fluid if for every algebra A € V' and for
every hypersubstitution o € Hyp(r) there holds

oAl eV = o[A]=A

Clearly, every strongly fluid variety is also fluid. Further we have:
Proposition 4.2. If a variety V of type T is strongly fluid then it is unsolid
Proof. If V is strongly fluid then for all o € Hyp(r) we have
o€ P(V)=o[A] = A
The right hand side of this implication means o € Py(V') and thus P(V) C Py(V'). Together
with Py(V) C P(V) we have P(V)) = Py(V'). This means, V' is unsolid. [ |

Proposition 4.2 and Corollary 3.3 mean that for strongly fluid varieties all three monoids
Py(V), Py (V), and P(V) are equal.

Further we define
Definition 4.3. A variety V of type 7 is weakly unsolid if P(V) = Py (V).

Clearly, if V' is unsolid, then by Proposition 3.2 it is also weakly unsolid. By 3.3, every
fluid variety V' is weakly unsolid. In the following case fluidity implies also unsolidity.

Proposition 4.4. Let V be a fluid variety of type 7. If ~1,C~y then V is unsolid.

Proof. We have to show that P(V) C Py(V). Assume that o € P(V). Then for any A € V
we have o[A] € V and thus for all A € V,0[4] = A = 0;4[A] since V is fluid. Because of
N{,QNV we have also o ~y 0;4 and o belongs to Py(V). [ |

Example: In [3] the authors showed that the variety COM of all commutative semigroups
is unsolid, but not fluid. Then COM is also not strongly fluid. The variety COM is also
weakly unsolid.

5. Applications to varieties of groupoids. At first we compare the relations ~{, and
~y for the variety of all bands, i.e. idempotent semigroups, and for the class of all semi-
groups containing the variety of all commutative semigroups (overcommutative semigroups).

Theorem 5.1. Let V be a nontrivial variety of bands. Then ~1,C~y.

Proof. There are exactly the following six binary terms over the variety B of all bands:
z,y,zy,yr, ryr,yry. That means, the quotient set Hyp(r)/ ~v where V is a variety of
bands is a subset of the set {[oz]~y , [Oyl~v s [Taylov s [Oyal~v  [Tzyz]~ov > [Tyay]~y }- We check
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all possible pairs of representatives. Assume that o, N{, oy. Let F5(V') be the two-generated
free algebra of V. Then there exists an isomorphism

0z [Fy(V)] = oy[F2(V)]

and we have

e(l2lrav) = @0 ()2 (2] 1av, [ylrav))
= Uy(f)Fz(V)QP([fU]Idv)a@([y]ldv))
= oy

Here f denotes the binary operation symbol. Since ¢ is one-to-one we get [z]rqv = [y]1av,
a contradiction.

Assume that zy ~ € IdV and that 0., ~1, .. Then there exists an isomorphism

¢ 02y [Fo (V)] = 02 [F5 (V)]

and we have

e(zlrav) = ou(H 2 o(2]rav), ¢([z]rav))
02 (2D p([2]1av ), ¢ ([Y)1av))
= 0(0ey (HZY([2]1av, [Y]1av))
= ¢([zylrav).

Since ¢ is one-to-one we have [z]r4v = [zy]rav. This is a contradiction to our assumption
that x ~ zy &€ IdV.

In the same manner one can show that for each v € {zy, yz, zyz,yzy} both, o, N{, Oy
and o, ~1, 0, are impossible if z ~ u g IdV and y ~ u € IdV, respectively.

Assume that zy ~ zyz ¢ IdV and that 0., ~!, 0,,.. Then there is an isomorphism
¢ 1 0ay[F2(V)] = Oaya[F2(V)]

and we have

eleylrav) = @(0my (N2 (@] rav, ylrav))
= O-Iyl(f)m(@([m]de)a o([ylrav))
= o(lelrav)e(ylrav)e([z]rav).
Because of o([yz]rav) = o([ylrav)e([z]rav)e([y]rav) and using the idempotent law one can

easily verify that

o(wlrav)e(=lrav)e(ylrav) = e(Wliav)e(x]rav)e(ylrav)e([y]rav)e([x]rav)
= o([z]rav)e(lyz]rav)e([z]rav)

and thus

o([zylrav) = e(z]rav)e(yzlrav)e((z]rav)
= 0aye (N2 ([2]1av), p([yzl1av))
= (o (H)2 (2] 1av, lyzl1av))
= ¢(lzyzlrav).
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This gives [z]rav = [zyz]14v, a contradiction.

In a similar way one proves that if zy &~ yry € IdV and yz = zyx & IdV and yz =~
yzy & IdV, then o,y ~I, 0,., in the first, 0. ~, 0,4, in the second, and oy, ~I, 4., in
the third case, respectively, are impossible.

Now we show that 0., ~i, 0y, is impossible if zy ~ yx ¢ IdV. We consider the two
cases xy ~ yxy € IdV or zy =~ yry € IdV. In the first case we have yx =~ yry € IdV and
by the previous fact o, ~{, 0,4, is impossible. But then oy, ~I, 7., is impossible since
otherwise from o,y ~!, 0.y and o,y ~1, 0y, it would follow oy, ~I, 0yuy.

Assume that zy ~ yzy € IdV and that 0., ~I, 0,,. Let S be the semigroup defined by
the following finite presentation:

<A{z,y,z}|{a =bla,b e W({z,y,2}),ax=be IdV}U{zy = z,2z =z} > .
Clearly, {z,y,2z} C S and S € V. Therefore, there is an isomorphism
¢ 0ay[S] = 0ya[S]
and we have

P02y (£)*(2,7)) = 902y (£)* (2, 1)) = 032 (f)*(0(2), p(w) for all u € S. (%)

Since zy ~ yxy ¢ IdV for each u € S there is an element w, € {z,y, z} such that both,
p(u) and p(u)p(z) start with w,. Since {z,y,z} C {p(u)|u € S} we have [{p(u)p(z)|u €
S} > 3. This contradicts (*).

The last case is that zyz ~ yzy € IdV, but o,y N{, Oyay- If in this case zyx ~ zy €
IdV then yry ~ xy ¢ IdV and from one of the previous cases we get that o,, ~, 0.y is
impossible. If 0,4y, ~, 0y., then from 0.y, ~! 0., we would get a contradiction. Thus
Owye ~i 0yey is impossible.

Consider now the case that zyz ~ zy € IdV. Then we have

F2(V)

e([zyzlrav) = @(Oeya(f) ([#]rav, [y]rav))
invy(f)m((p([x]IdV): o([ylrav))
e(lrav)e([@]rav )¢ ([Ylrav)

and

e(zyliav) = 9(0eye (2 [wylrav, [Y]1av))
= Uyﬂvy(f)m(@([wy][dv): o([ylrav))
= p(ylrav)e([zylrav)e([ylrav)
= o(ylrav)e([z]rav)e([ylrav)-

Altogether we have p([zyz]rav) = ¢([zy]rav) and then zyx ~ xy € IdV, a contradiction.
This shows that also in this case 04y ~1, 044y is impossible.

Let now u,v € W({z,y}) with u & v € IdV. Then there are v',v" € {z,y,zy,yz, zyz,
yzy} such that u = v',v &~ v € IdV and v’ =~ v' ¢ IdV. In the previous part of the proof we
showed that o N{/ o is impossible. For all A € V we have o/ [A] = 04[A] (sigma, [A] =
o,[A]). Therefore o, ~! oy is impossible and we have ~{,C~y . |

For varieties of overcommutative semigroups the relations N{, and ~y are also equal,
i.e.
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Theorem 5.2. Let V' be a variety of semigroups which contains the variety of commutative
semigroups. Then ~i,C~y .

Proof. Assume that o, ~I, o, for two binary terms u and v. Let £(u) be the num-
ber of variables occurring in w. We can assume that (u) < ¢(v). Put n := ¢(v). The
variety W := Mod{IdV U {z1...Zny1 & Y1...Yn+1} is a subvariety of V. We con-
sider the free algebra with respect to W generated by {z,y,z} : F3(W). By u(z,z)
we denote the term obtained from the term w replacing x by z. In the same way the
terms u(y, z), u(y, ), u(z,y),uly, 2),v(y, z),v(z,x),v(z,y) and v(zx,z) are defined. With-
out loss of generality we assume that v contains the variable y. Consider S := F3(W) \
{[W]raw, [v(z, 2)]raw}. On the set S we define an operation fS by fs([a][dv, [blrav) =
[ab]raw if [abliaw € {[]raw, [v(z,2)]lraw} and f3(alrav, Bliav) = [2]74y if [ablraw €
{[v]raw, [v(z, 2)]raw }. Then it is easy to see that S € W C V. Because of o, N{, 0, there
is an isomorphism ¢ : 0,,[S] = 0,[S]. Assume that o([z]73w) € {[Z]raw, [Y]raw, [2]raw }-

Then we have o([2]75w) = @(ou(H)2(el7dw, [#l7aw) = ou(HZ(e(ldw), e([2]faw)) =
(([]7d )™, Le. [w]raw = [w]}yy, for some w € {z,y,z}. But then w ~ w" € IdW, a

contradiction. Therefore, ¢([z]7aw) & {[z]raw, W]raw, [2]raw} and we have ([m]?jv%,) =
plou D>l o ) = ou(PE el ) oialia)) = el te. o(eliny) =
I%“(/)Vr- the elements o([z]raw ), w([y]raw ), and ©([z]raw) we have to consider the following
seven cases:
(i) o([zlraw) = [@]raw, e([Ylraw) = [ylraw, ¢([z]lraw) = [#]raw,
( ) ‘P([m]ldW) [ﬂf]ldW; ([y]IdW) = [ ]IdW; ([Z]Idw) = [y]IdW>
(iii)  o([z]raw) = Wl1aw, @(Wlraw) = [#]raw, @([z]raw) = [2]1aw,
(iv)  o(zlraw) = Wlraw, e([Ylraw) = [2]lraw, o([2]raw) = [z]raw,
(v o([zlraw) = [2lraw, ¢([ylraw) = [Ylraw, ¢([zlraw) = [*]raw,
(vi)  e(xlraw) = [Zlraw, e(Wlraw) = [®]raw, e([z]lraw) = ylraw,
(vil)  {p([z]raw), e([ylraw), e([2]raw) } Z {[z]raw, [Y]raw, [2]raw }-
Case (i): We have
elou(F)*([@av, Wlrav)) = o) (e([@]1av), e([yl1av))
= oo(£)*([xlrav, Ylrav)
= [l

Because of ¢([z]74) = [z]74 we have

(o (P[] raw, Wlraw)) = e([@]7 ),

ie.
ou(H)2(@lraw, lraw) = (e}
This implies u ~ z" ™ € IdW or u ~ v € IdW or u ~ v(z,2) € IdW. Clearly, u ~ z"! €
IdW as well as u = v(x, z) € IdW are impossible. Consequently, u ~ v € IdW.
Case (ii): In the same way as in the first case we obtain u ~ v € IdW.

Case (iii): We have

plou () (@lraw, [Fraw) = ou(£)2(@(Wlraw), o[l 1aw))
= oo (H([@lraw, [2lraw) = [2]] 54

Because of ¢([z]75) = []74w we have then (o (£)2([Y]raw, [2]raw)) = @([z]744,). This
implies u(y, z) ~ "™ € IdW or u(y,z) =~ v € IdW or u(y,z) = v(z,z) € IdW. Clearly,



514 SR. ARWORN, K. DENECKE, J. KOPPITZ

u(y,z) ~ z"tt & IdW. The case u(y,z) ~ v € IdW is only possible if both terms u
and v have the same length and are costructed only by the variable y. But u(y,z) is a
term in the variable y if u is a term in the variable z, i.e. [u]rqw = [}, and [v]raw =
[y]2.w- So we have the following situation: ¢([z]7in) = w(ou(F)2([2]] i, Wraw)) =

oo (F2(e([2]7iw ) e(ylraw)) = (p([ylraw))™ = [2]}4 - But there holds [a]7,y, # [«]7y
(because of y" = 2™ & IdW and z" ~ z" ¢ IdW), which contradicts o([2]7y,) = [#]1aw -
Consequently, u(y, z) & v € IdW is impossible. From u(y, z) ~ v(z,z) € IdW one obtains
u ~ v € IdW if one substitutes y by = and z by y.

In the cases (iv), (v)and (vi) we get u = v € IdW in a similar way as in case (iii).
Case (vii): There is an element w € {z,y, z} such that o([w]raw) & {[®raw, [Ylraw, [#]1aw }-

a) If w € {z,y} then there holds

e(ou(N*([2lraw, Wl1aw)) = ou(f)He(z]raw), ([yl1aw))
= oo(N)*H([#l1aw, [Yl1aw)
(=] 7iw
and we get u = v € IdW in the same way as in case (i).
b) If w = z then we have

o(ou (2@ raw, [Zlraw)) = ou(H)E(e([@]raw), e ([2]1aw))

= oo(f)2([@]raw, [2)1aw)

= [elraw

and we get u = v € IdWW in the same manner as in case (i). Consequently u ~ v € IdW.

Altogether this shows that u ~ v € IdW. Since both terms, u and v have a length less
than n + 1, the identity u ~ v is also valid in V, i.e. w ~ v € IdV. This means o, ~y o, .R

Now we consider all varieties V' of groupoids where the two-generated free algebra F» (V')
consists of at most three elements.

We will use the following denotations for varieties of groupoids:

1 —  trivial variety,

LZ = Mod{zy =z},

RZ = Mod{zy =y},

SL = Mod{x(yz) ~ (zy)z, v? =z, zy ~ yv}

(I,LZ,RZ, and SL are varieties of semigroups),

Vie = Mod{zy~yz, 2*> ~z, (zy)y ~ zy} - the variety of near semilattices,
Vs = Mod{zy = yzx, x & x, (zy)y = x} - the variety of Steiner quasigroups,
V3 = Mod{zy ~yz, (zy)y ~ vy, 2 ~ vy} .

By Hyp we denote the monoid of hypersubstitutions of typ (2) and by Ng¥*(V) the
groupoid of normal form hypersubstitutions with respect to the relation ~y .

In [2] we showed

Theorem 5.3.

(i) IfV is a variety of groupoids and if ® is an arbitrary choice function ® : Hyp/~y —
Hyp then |N£Iyp(V)| <3ifVe{l,LZ,RZ,SL,V; 5,V5,V5}.
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Niw(Lz) = {02y, 0u} With oy, ~Lz 0y,

NHyp(RZ) {02y, 00} with oy ~gz 0, ,

nyp(SL) = {0uy,0u,00} With 0, ~s1 04,00 ~51 0y,

Ngyp(V 2) = {0zy,0u,00} With oy ~vy, 00,0, ~vy, 0y
Ngyp(Vg) = {0y, 0u,00} With oy ~v, 02,0, ~v, 0y ,
nyp(‘/é) = {0wy,0u, 0.} With oy ~y, 04,0, ~v, 0y -

(iii) The following equalities are satisfied for proper and inner hypersubstitutions:

P(LZ) = Py(LZ), P(RZ) = Ry(RZ), P(SL) = Py(SL), P(V12) = By(V1,2) , P(V2) =
Py(V2), P(V3) = Py (V3).

It follows:

Corollary 5.4. The varieties LZ, RZ,SL, V) 2, V>, V3 are unsolid. [ |
For LZ,RZ,SL in [3] was already proved that these varieties are fluid.

Theorem 5.5. Each of the varieties I,LZ,RZ,SL,V; 2, Vs, Vs is fluid.

Proof. We have only to consider the varieties Vi 2, V2, and V3. By the previous theorem
the hypersubstitutions o, 0y, 0.y have to be checked. If A € V € {V12,V5,V3} then A
is commutative, but o,[A] = (A;e%’é),ay[A] = (A;eg’é) where ef’A,eg’A are the binary
projections on A on the first component and on the second component, respectively, are
not commutative. Thus o,[A],04[A] € V. Moreover, o,4[A] = A € V for all A € V and

OaylA4] = A n

By Proposition 4.4 the unsolidity of all these varieties would also follow from Theorem
5.5 if we could prove that ~{,C~y.

Theorem 5.6. If V is a nontrivial variety of groupoids such that the two-generated free
algebra Fy(V') consists of at most three elements then ~{,C~y .

Proof. |F5(V)| < 3 holds iff |NJ¥?(V)| < 3 for any choice function ®. By Theorem 5.3 we
have FQ(V) = {[wy]]dv, [w]]dv} if Ve {LZ, RZ} and FQ(V) = {[Cﬂy]jdv, [:U]Idv, [y]IdV} if
V € {SL,V12,V>,V3}. Clearly, if V is nontrivial then o, N{, oy is impossible since otherwise
for every algebra A € V which is not trivial there existed an isomorphism ¢ : 0,[4] = o, [4]

with ¢([z]rav) = (e (f)*([lrav, Wlrav)) = oy (HA (e ([2]rav), o([ylrav)) = o(lylrav) and
from p([z]rav) = ([yl1av) it follows [z]rav = [y]iav, ie. z =y € IdV.

The varieties LZ, RZ, SL are varieties of bands. Therefore, by 5.1 we have to consider
Vi,2, Va2, and V3. Assume that oy N{, oy for Ve {Vi5,V2,V3}. Then we have for V; »:

o(2yliavia) = 000y (N2 ([wylravs ,, [W]1avi))

= oy (N2Y2(([zylravi), 9 ([W]1avi )
= o([ylravi.)
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and thus [zy]rav, , = [ylravi,, and zy ~ y € IdV} > which is a contradiction, for V5:

o([zylrave,) = @(Uwy(f)w([w]ldvz s Wlravs))

= oy (N (p([z]ravs), ¢([Y]rava))
= o([ylravs)

and then [zy]ravs = [y]1av, and zy ~ y € IdVs, a contradiction, for V3:

ellyliavs) = 00wy (HEYN (2] 1avs, [2]1av)

02 (/)25 (p([2]1ava), ([ 1avs))
o([x]ravs)

and then [zy]rav, = [#]1avs and zy =~ © € IdV3, a contradiction.

All three varieties are commutative, i.e. 0., ~v 0y, and then o,, ~{ 0,V €
{V1,2,V5,V3}. Assume that o, N{, 0z, then by o4y N{, oye and transitivity we have
also oy, ~1, 0., but this contradicts the fact that o, ~i, o, is impossible as we showed

before. [ |
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