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ABSTRACT. By means of coefficient inequalities, the authors introduce a certain family
of normalized analytic functions in the open unit disk. Applying the concepts of extreme
points, fractional calculus, and subordination between analytic functions, several inte-
gral means inequalities are obtained here for higher-order and fractional derivatives of
functions belonging to this general family. Relevant connections of the results presented
in this paper with those given in earlier works are also considered.

1. Introduction, Definitions, and Preliminaries

Let A denote the class of functions f (z) normalized by
(1.1) f(z):,z—l—z ap 2%,
k=2

which are analytic in the open unit disk
U:={z:2z€C and |z|<1}.

Denote by A(n) the subclass of A consisting of all functions f (z) of the form:

(1.2) flz)=2— Z ar 2*

k=n—+1
(ag20; k=n+1,n+2n+3,...; neN:={1,2,3,...}).

We denote by T (n) the subclass of A (n) of functions which are also univalent in U, and
by 7o (n) and Cq (n) the subclasses of T (n) consisting of functions which are, respectively,
starlike of order o (0 £ @ < 1) and convez of order a (0 £ a < 1).

The classes T (n), Ta (n), and Cq (n), introduced by Chatterjea [1], were investigated
systematically by Srivastava et al. [12]. In fact, the following special cases of these classes
when n = 1:

(1.3) T:=7T(1), T '(a):=Ta(l), and C(a):=Cs(1)

were considered earlier by Silverman [8]. And, as already remarked by Srivastava et al. [12,
p. 117], the necessary and sufficient conditions for a function f (z) of the form (1.2) to be
in the classes T, (n) and Cq (n) would follow immediately from those given by Silverman [8,
p. 110, Theorem 2; p. 111, Corollary 2] for the classes 7* (a) and C («) by merely setting

(1.4) ar=0 (keN\{1}).
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Next, following the work of Sekine and Owa [7], we denote by A (n, V) the subclass of A
consisting of all functions f (z) of the form [¢f. Equation (1.2)]:

oo

(1.5) flz)=2— Z elF=1? ) ok
k=n-+1
WeR; ap20; k=n+1,n+2n+3,...; ne€N),
so that, obviously,
(1.6) A(n,0) = A(n) (n € N).
Thus, if we define the subclasses
T(n, ), Ti(n, ), and  Ca(n,v)

of the class A (n,d) in the same way as we defined the subclasses
T Ta(w). and  Ca(n)
of the class A (n), it is easily observed that
(1.7) T(n,0)=T(n), T3 n,0)=Tun), and Cq(n,0)=Cq(n) (neN),
together with (cf., e.g., Silverman [8, p. 111, Corollary]).
T=7*0) and T (n)="To(n).
The following coefficient inequalities for functions f(z) of the form (1.5) were proven

recently by Sekine and Owa [7].

Lemma 1. A function f € A(n,V¥) of the form (1.5) is in the class T, (n,9) if and only

of
(1.8) Z (k—a)arS1l—a @meN; 0Za<l).
k=n+1

Lemma 2. A function f € A(n,9) of the form (1.5) is in the class Cq (n,V) if and only if

(1.9) Y k(k—a)ax<l-a (neN; 0Za<l).
k=n-+1

We remark in passing that the coefficient inequalities (1.8) and (1.9) do not contain
the parameter 9 (and, therefore, coincide essentially with the corresponding coeflicient
inequalities considered earlier by Silverman [8], Chatterjea [1], and Srivastava et al. [12]).
See also the aforementioned remark involving the coefficient specialization exhibited by
(1.4).

Motivated largely by the coeflicient inequalities (1.8) and (1.9), we now introduce a
general family A (n; {By},?) of functions f € A(n,?) of the form (1.5), which satisfy the

following inequality:

(1.10) Y Biar <1
k=n-+1
(Br, >0, k=n+1n+2n+3,...; neN)

for some positive sequence {By} of real numbers.
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The class A(n;{B}) given by
(1.11) A(n;{Bi}) == A(n; {B},0)
was studied earlier by Sekine [6] (and, subsequently, by Owa et al. [5]). As a matter of
fact, Sekine [6] presented an interesting (and useful) classification (cf. [6, pp. 3-4]) of the
analytic functions in A(n) (n € N) by using the inequality (1.10). Indeed it is fairly easy
to verify each of the following classifications:

(1.12) A(n; {k},0) = Tg (n,0) = T* (n,9) = T (n, )

(1.13) AG{%}&) =T (n,0) (0L a<1),
and

(1.14) A@{’M},ﬂ)_c@(n,m 0<a<l).

l—a
It follows also from (1.10) that
(1.15) A(n;{Br},9) CA(n;{Cr},9) (0 < Cr £ By),
which readily yields the inclusion relations:
Co (n,d) CTF(n,J) CT*(n,0)
(0fa<l; veR; neN).

The main object of this paper is to apply the familiar concepts of extreme points, frac-
tional calculus, and subordination between analytic functions with a view to obtaining
several integral means inequalities for higher-order and fractional derivatives of functions in
the general class A(n;{Bx}, ) which we have introduced here. We also point out relevant
connections of the results presented in this paper with those given in earlier works by (for
example) Silverman [9], Kim and Choi [2], and others.

2. Basic Properties of the Class A (n; {By},?)

The proof of each of the following results (Theorem 1, Theorem 2, and Corollary 1 below)
is much akin to that of the corresponding result in Owa et al. [5], and we choose to omit
the details involved.

Theorem 1. A(n;{By},V) is the convex subfamily of the class A(n,v).

Theorem 2. Let

, , Gilk=1)9
(2.1) filz)=2 and fr(z)=z— 2"
By,
(k=n+4+1ln+2n+3,...; neN).

Then f € A(n;{Bi},0) if and only if f(2) can be expressed as

(2.2) FE=MAGE+ Y Mfilz),

k=n-+1

(2.3) Mt > =1
k=n+1
(M20; \e 20, k=n+1,n+2n+3,...; neN).
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Corollary 1. The extreme points of the class A (n;{Br},V) are the functions fi(z) and
fe(z) (kZ2n+1) given by (2.1).

By means of the relationships exhibited by (1.12), (1.13), and (1.14), we can easily deduce
from Corollary 1 the extreme points of various other subclasses of the class A (n, ). Thus,
for example, we obtain Corollary 2 and Corollary 3 below.

Corollary 2. The extreme points of the class T (n,) are the functions fi(z) and fi (2)
(kZn+1) given by

1-— .
(2.4) )=z and  fr(z)=2— (ka) Gilk=1)0 K
-«
(k=n+1n+2n+3,...; n€N).

Corollary 3. The extreme points of the class Cq (n,9) are the functions fi(z) and
fe(z) (k2 n+1) given by

l—a ;

— U i(k—=1)9 _k

(2.5) filz)=2z and fr(z)==z2 <k(ka)>e z
(k=n+4+1ln+2n+3,...; neN).

A further special case of each of these last results (Corollary 2 and Corollary 3 above)
when

(2.6) =0 and n=1
was given by Silverman [9, Theorem 9 (Corollary 1 and Corollary 2)] for the classes T* ()
and C (o) investigated by him (see also [8]).

3. Fractional Calculus and Subordination Principle

We begin by recalling the following definitions of fractional calculus (that is, fractional
integrals and fractional derivatives) given by Owa [4] (see also Srivastava and Owa [10] and

[11]).

Definition 1. The fractional integral of order \ is defined, for a function f (z), by

I e At
(3.1) DTG = iy i 0o,

where the function f(z) is analytic in a simply-connected region of the complex z-plane

containing the origin and the multiplicity of (z — C)/\_l is removed by requiring log (z — ()
to be real when z — ( > 0.

Definition 2. The fractional derivative of order X is defined, for a function f (z), by

oo 1 d (= f(Q)
(3.2) Djf(é)-—m gfo mdf (0=Ar<1),

where the function f(z) is constrained, and the multiplicity of (z — Q")fA is removed, as in
Definition 1 above.
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Definition 3. Under the hypotheses of Definition 2, the fractional derivative of order n+ A
is defined, for a function f(z), by

dn

(3.3) DA f(2) = DM () (0SA<1; neNyg:=NU{0}).

It readily follows from Definitions 1 and 2 that

, )k Fik+1) .

and

) T 1

(3.5) D} 2N = %ZN—A 0<N<1; R(k)>—1).

Next we recall the concept of subordination between analytic functions. Given two
functions f (z) and ¢ (#), which are analytic in ¢, the function f (z) is said to be subordinate
to g (#) if there exists a function w (z), analytic in I with

(3.6) w(0)=0 and Jw(z)|<1l (z€lU),
such that

(3.7) flz)=g(w(z)) (z€U).

We denote this subordination by

(3.8) f(z)<g(z).

The following subordination theorem will be required in our present investigation.

Theorem 3 (Littlewood [3]). If the functions f(z) and g(z) are analytic in U with

9(2) < f(2),

then

27 2m
(3.9) / g (rei9)|ud9§ / ‘f(rew)VL g (p>0; 0<r<1).
0 0

4. Integral Means Inequalities Involving Higher-Order Derivatives

The familiar Stirling numbers s(m,l) of the first kind are usually defined by means of
the generating function:

(4.1) ﬁz—/+1 :zm:e z (m € Np),

=1 =0
so that, obviously,
s(m,0) =dmpo, s(m,1) :(—1)m+1 (m—=1)1, and s(m,m)=1,
where §,, , denotes the Kronecker delta. Here (and in what follows) an empty product is

interpreted (as usual) to be 1.
Upon setting z = n 4+ 1 (n € N), we immediately obtain

(4.2) Zs(ml y(n+1) Hn—l—|—2 (m € No; n € N).
1=0 =1

Making use of the relationships (4.1) and (4.2), we now prove
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Theorem 4. Suppose that
feA(n;{k?Bi},9) (Br < Bpg1; p=2,3,...,n+1; neN).
Also let the function fni1(2) be defined by (2.1) with By replaced by k?By. Then, for
z=re' and 0 <r <1,
2m ] “ 2w )
(43) / (z)] df = / Farn¥ (2)
0 0

where y > 0 and j 1s integer such that2 < 7 <p forp=2,3,... ,n+ 1.

"
de,

Proof. It follows from the hypothesis of Theorem 4 that

(4.4) (n+1)" " Buyr > k™ar S Y KBy £1 (m=1,....p),
k=nt1 k=n+1
so that
1
(4.5) k™ay (m=1,...,p).
k;q (n+ 1" Bypys

Also, from (1.5) and (2.1) with By replaced by kPBj, we readily obtain the following

derivative formulas:

o0 J
(4.6) ) (z) =— Z k=10 g k=i H —I+1) (z€elU; 2575 p)
k=n-+1 =1

and

A7) foa D (2) = —ein? <M

T (zeU; 255 p).
(‘n-|-1)an+1 ) ( ’ _]_p)

-~

Upon substituting from (4.6) and (4.7) into the desired inequality (4.3), if we apply
Theorem 3, it would suffice to show that

o0 J
Z ei(k_l)ﬂak Pt H (k -+ 1)
k=n-+1 =1
o (Mg —142)\ |
4.8 md 2=l T it (2 <5<y,
(4.8) = ((71+1) P Bpi1 “ 2=j=p)
If we put
o0 J
Z ei(kfl)ﬁakzk J H By 1
k=n+1 =1
(n—1+2) n—j+1
4.9 fw ()}
( ) ( 77+1 n+1)1w( )J )

then we have

w (it _ [ ()" Bup
teey (H'z’:1(n1+2)>

o

Z ei(kfnfl)ﬁ ag Zk ]ﬁ E—I1+1

k=n+1 =1
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so that, in view of (4.1) and (4.2),

n— (n+1)" But S T
0 (2)| f“é( 4 al T =1+ 1)
[li=i (n —1+2) k:zn;—l 11;[1
P 0o J
<tV Bun >|~ a0y s (.0 k!
< . z : 31k
(H{:1 (n—1+2) k:zn:—&-l ;
(71+ ]-) Bn+1 > d . - I
< 2| ) s(5,0) K ax
(H{:1 (n—1+2) ; k=2n;1
n+ 1) B, J ) 1
o RURRIAE-TSN U R} o NN pa—
Hl 1(n 1+ 2) — (n+1)" " Bpt

(4.10) =zl <1 (zel).

Thus we have shown that the function w (z), occurring in (4.9), satisfies each of the con-
ditions in (3.6). Hence the subordination in (4.8) holds true, and this evidently completes
the proof of Theorem 4.

Since [¢f. Equation (1.14)]

(4.11) :A(n;{kz-%}ﬂ)

and since the sequence
k—a
By, By = ——m—
(Be} (=)
is an increasing sequence, Theorem 4 immediately yields

Corollary 4. Suppose that f € C, (n,0) and let fn41(z) be defined by (2.5). Then, for
z=re and 0 <r < 1,

27 27
(4.12) /0 | (z)\“deg/o |fad" (2)|" a0 (n>0).

5. Integral Means Inequalities Involving Fractional Calculus Operators
Our first integral means inequality involving fractional integrals is given by

Theorem 5. Suppose that
feAn:{Bi},9)  (Bk = Bit1)
and let the function f.i1(2) be defined by (2.1). Then, for z =re'® and 0 <r <1,

27 27
(5.1) / |DZf (2)]" a8 < / |D fugr (2)]"d6 (N> 05 4> 0).
0 0
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Proof. By means of the fractional integral formula (3.4), we find from (1.5) that

(5.2) DI (2) = PZL <1 — i =29 (k) ay zk_1> (A > 0)

(/\+2) k=n-+1
or
T(A+2) e i B
%Dz*f(z):p Yo O (kyay 2 (A > 0),
k=n-+1
where
T(A\+2)T (k+1
(5.3) Ok = LAXDERED o ka1 nen)

FA+k+1)
is a decreasing function of k so that

FA+2)T'(n+2)
F'(A+n+2)
A>0, k=n+1n+2n+3,...; neN).

(5.4) 0<OHk) SOMn+1)=

Similarly, (2.1) and (3.4) yield

= )(1 e’ @(n+1)z") (2> 0)

- A _
(5.5) D fuyr(2) = T(\+2 B, 41

or

FrA+2) _ ein?
g D- M1 () =1

Onm+1) 2" (A>0),
n+1
where O (k) is given by (5.3).
Upon substituting from (5.2) and (5.5) into the desired inequality (5.1), if we apply
Theorem 3, it would suffice to show that

1 Z ei(k—l)ﬁ(a (k‘) aka—l
k=n-+1
/inﬂ
(5.6) <1- O(n+1)z".
Bn+1
Indeed, by setting
1 — Z 6i(k—1)19® (k) aka—1
k=n+1
einﬁ
1= e w (),
n+1
we find that
{w(2)}" = _Bas1 f: k=g (k) ay, 2F71,
©(n+1) ’

k=n+1
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so that, by virtue of the inequality (5.4), we have

lw (2)|" < nn—l—l——ll Z o (k)ay, 2*

Bn+1 =
S———0O((n+1)7 ay,
50 +1) 2
<[z Bat1 Y
k=n-+1
>, Bra
k=n+1
(5.7) <zl <1 (z€el),
since (by hypothesis)
By <Biy1 (k=n+1,n+2,n+3,...; neN).

In light of the inequality (5.7), we have the subordination (5.6), which proves Theorem
5.

In precisely the same manner as detailed above, by making use of the fractional derivative
formula (3.5) in place of the fractional integral formula (3.4), we can prove

Theorem 6. Suppose that

fe A {kBi},d)  (Bk = Bit)
and let the function f,1 (2) be defined by (2.1) with By, replaced by kBy.. Then, for z = ret®
and 0 < r <1,

27 27
59 [ peras [T el e i< i),
0 0

Next we prove

Theorem 7. Suppose that
feA(n; {k*By},9)  (Bk < Bigr)

and let the function f,4y (2) be defined (as in Theorem 6) by (2.1) with By replaced by
EBy. Then, for z =re'% and 0 <r < 1,

27 2w
59) [ PGS [ DE ) e 022 <1505 0).
0 0

Proof. In view of Definition 3 and the fractional derivative formula (3.5), we find from (1.5)
that

(5.10) DA f(2) = P(ZlAA) (1 — i =DV (= 1) ® (k) ag zk_1> (0<A<1)
k=n-+1
P(;AA)D?V (2)=1-— i ARV — 1) ® (k) ag 2570 (0N < 1),

k=n-+1
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where
r(1—-NIrk-1)
I'(k=\)

is a decreasing function of k so that

(5.11) D (k) := >0 (0SA<l;kzn+1;neN)

_ r'(1—XMNT(n)
12 o(k)s o 1 T
(5.12) 0<a® S em+y = AT
0SA<l; k=n+1,n+2,n+3,...; neN).
Similarly, (2.1) (with, of course, By, replaced by kBy), (3.4), and Definition 3 would yield
LA Zf)\ eznz? ) <)
5.13 D n = 1-— P 1)z" 0= 1
(5.13) i () = iy (1= o n¥ =) (05 A<
or
I(1—\ iy
¥D1+)‘.fn+1 (z)=1-— c n®(n+1)" (0< A<,
zZ- B,

where @ (k) is given by (5.11).
Upon substituting from (5.10) and (5.13) into the desired inequality (5.9), it would suffice
to show that

o

1o Y D (- 1)@ (k) ag
k=n-+1
Y
(5.14) <1- n®(n+1)z"
n+1
Indeed, by letting
1= > D (k- 1) @ (k) ax 2F
k=n+1
einﬂ
=1- n®(n+1){w(z)}",
n+1
we find that
n By o~ i(k—n—1)9 k-1
== ur=n E(k—1)® (k)ar =
{w (=)} n®(n+1) ,\;16 ( )2 (k) ’

so that, by applying the inequality (5.12), we have

) (2)|" € k(k—1) SFlkes
““”‘:n¢n+1k§;1 (k) ax
B . =
§"7H¢,7,+1Z E(k—1Da
S iy DR 3 E- D
S —Bpts Z E’ay,
k=n-+1
E S 2
< 7t
= Z k“By. a
k=n-+1
(5.15) < Ll <1 (z €el),

n
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since (by hypothesis) f € A (n; {kuBk} ,19) and
By <Biy1 (k=n+1,n+2,n+3,...; neN).

In view of the inequality (5.15), we arrive immediately at the subordination (5.14), which
evidently completes the proof of Theorem 7.
Similarly, we can prove

Theorem 8. Suppose that

feAm;{k*By}.,9) (Bi < Btr)
and let the function fni1(z) be defined by (2.1) with By replaced by k*By. Then, for
z=re and 0 <r <1,

2w 2w
L T 1
(5.16) / DA f (o) d€§/ DI fop (2)|" d6 05 A< " s >0,
0 0 n+2

Finally, we prove the following interesting extension of the integral means inequality (4.3)
asserted by Theorem 4.

Theorem 9. Suppose that
fEA(n;{kka},ﬁ) (Bk§Bk+1;p:2,3./...,n).

Also let the function f,41(z) be defined (as in Theorem 4) by (2.1) with By replaced by
EPBy. Then, for z =re'? and 0 <r <1,

2 _ 27
(5.17) /0 ‘D;\f(f) (2) ”d9§/0

where >0, 0 S X\ < 1 and j is integer such that 2 < 5 <p forp=2,3,... ,n.

D?fn+1(j) (=) ' df,

Proof. First of all, operating upon both sides of (4.6) by D and applying the fractional
derivative formula (3.5), we get

oo 741
(5.18) DX (z) == Y &FTVN (k) [ (=14 1)
k=n+1 =1
(0OSA<L; 2855 p; p=2,3,... ,n),
where
o T (k- j) o
.19 U (k):= 0 0<SA<l;k2n+1;2<55<
(5.19) (k) T 11 O=A<Likzn+1; 255 p)

is a decreasing function of k so that

- T(n—7+1)
.20 0<T (k) ST (n+1l)=
(0EA<; k=n+1,n+2n+3,...;257<p).

Similarly, we find from (4.7) and (3.5) that

[Ty (n=1+2)
(n —|— 1);0 Bn+1

(0= A<l 2555p)

(5.21) DX fuaV (2) = =€’ ( > vl



956 T.SEKINE, K. TSURUMI AND H.M.SRIVASTAVA

where ¥ (k) is given by (5.19). Thus, by virtue of Theorem 3, it would suffice to show that

oo i+l
Z ci(k—l)ﬂ\l, ) a Sh—i=A H —1+1)
k=n+1
J+1
- in (142 n—j— ]
(5.22) o (W)\P(H) ML (22 5p).

In order to prove the subordination (5.22), we set
o0 J+1

Z i(k— 1)0\1,( k]AH —1+1)

k=n-+1

j+1 .
_ gin? 1=y (n—1+2) n w ()i AL
- < (71_"_1)13 Bn+1 ) \I;( +1){ (N)}

and observe that

. p
"w (Z)|n—]—)\+1 é (TL-I— 1)+an+1
T(n+)IlZ, (n—1+2)

S 741
o wkya A (k141
k=n-+1 =1

(n + 1)]9 Bn—l—l

<
T U+ ) (n—1+2)
oo 7+1
U (n+1) Zak|zkj>‘H —1+1)
k=n-+1
oo 741

IA

(n+1)” Bnia Z k]AH 41,

= H7+1( 7]+2) Rt
which, in view of (4.1) and (4.2), would lead us to the inequality:
(5.24) lw(z)] <1 (z €l)

just as in (4.10). This evidently completes the proof of Theorem 9.
Each of our integral means inequalities (given by Theorems 4 to 9 above) can be suitably

(5.23)

specialized in order to derive the corresponding results for numerous simpler classes of
analytic and univalent functions. For example, in its special cases when

(i)n=1, 9=0, and Bp=1,

k-

()n=1 ¥=0. and By= ﬁ 0<a<1),
and

(iii)n=1, J9=0, and Bp= (0 a< 1),
Theorem 6 would immediately yield the integral means inequalities proven earlier by Kim
and Choi [2, p. 49, Theorem 1 (i); p. 51, Theorem 3 (i) and (ii)], who also gave several

obvious special cases of Theorem 7 to hold true for such familiar function classes as 7T,

T*(a), and C () involved in the relationship (1.3).

k
k—
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