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ABSTRACT. It is known that the fractional integral I is bounded from L? (R™) to LI(R™)
when 0 < o < n, 1 < p < n/aand n/qg = n/p — « as the Hardy-Littlewood-Sobolev
theorem. In [10] the author introduced generalized fractional integrals and extended this
theorem to the Orlicz spaces. The purpose of this paper is twofold. First, we extend
this to spaces of homogeneous type. Secondly, we give several examples and compare
with known results. For example, we show the boundedness from exp L? to exp L4, from
expexp LP to expexp LY, from L(log L) to L(log L)ﬁ from L(log L)* to exp L?

weak’ weak’
etc.

1. INTRODUCTION

It is known that the fractional integral I, is bounded from LP(R") to LY(R") when
0<a<n,1<p<n/aandn/q=n/p—a asthe Hardy-Littlewood-Sobolev theorem. The
fractional integral was studied by many authors (see, for example, Rubin [16] or Chapter 5 in
Stein [17]). The Hardy-Littlewood-Sobolev theorem is an important result in the fractional
integral theory and the potential theory.

In [10] the author introduced generalized fractional integrals I, and extended the above
boundedness to the Orlicz spaces on the n-dimensional Euclidean space R™. If p(r) = r,
then I, is the usual fractional integral I,. The purpose of this paper is twofold. First, we
extend this to spaces of homogeneous type. Secondly, we give several examples and compare
with known results. For example, we have the following; the generalized fractional integral
I, is bounded from exp L? to exp L? (Remark 5.1), where

o) = 1/(log(‘17/1r))“+1 for small r, a0
(logr)® for large r,

0<p<1l/a,1/qg=1/p—a and exp L? is the Orlicz space L? with

B(r) l/exp(l/rp) for small r,
exp(rP) for large r.

Gatto and Végi [4], and, Gatto, Segovia and VAgi [5] studied the fractional integral of

functions defind on the space of homogeneous type. We state our results on the space of

homogeneous type which contains R™ case.
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The fractional integral in the Orlicz spaces was studied in [19], [7] [6], [1], etc. Torchin-
sky [19] treated sublinear operators with weak type (pi, ¢;) (1 = 1,2) and used interpolation.
Kokilashvili and Krbec [7] considered the boundedness of I, with weights, and gave a nec-
essary and sufficient condition on the weights so that weighted inequalities hold. Recently,
Genebashvili, Gogatishvili, Kokilashvili and Krbec [6] gave the weighted theory for integral
transforms on spaces of homogeneous type. Cianchi [1] gave a necessary and sufficient con-
dition on ® and ¥ so that the fractional integral I, is bounded from L® to LY or from L®
to Lgeak'
the case that p(r) = r® and LY = exp LY. However, fractional integral I, is not well-defind
on exp L (R™).

O’Neil [13] gave a sufficient condition on @, ¥ and ¢ so that the convolution operator
Ty, Ty f = g * f, is bounded from L? to LY on R™ Our results are better in the case that
L® =exp LP, LY = exp L? and g(z) = p(|z])/|z|™.

It was proved by Pustylnik [14] that one of our conditions (2.10) is necessary for the
boundedness from L® to LY. In [14] the generalized fractional integrals with p(r) = r" /()
are treated. However, the sufficient condition in [14] does not valid for exp L.

The result in [1] can cover Trudinger’s inequality [20] and is better than ours in

Definitions and results are stated in the next section. Section 3 is for the preliminaries.
We give a proof of the theorem in Section 4. In Section 5, as examples of our results, we
investigate the cases

p(r) = (log(1/r))™*, (log(L/r))™" (loglog(1/r)) =", r%(log(1/r))", ete.,
and consider the boundedness of I, from exp L? to exp L?, from exp exp L? to expexp L4,

from L(log L)* to L(log L)ﬁ from L(log L)* to exp LL .. etc.

weak’

The author stated Theorem 2.1 in R™ case in [10]. The proof method is essentially the
same. The author also reported some of his results in [9] without proofs.
The letter C' shall always denote a constant, not necessarily the same one.

2. DEFINITIONS AND RESULTS

Let X = (X,d, 1) be a space of homogeneous type, i.e. X is a topological space endowed
with a quasi-distance d and a positive measure 1 such that

d(z,y) >0 and d(z,y)=0if and only if v = y,
d(z,y) = d(y, ),
d(z,y) < K (d(z,2) +d(z,y)),
the balls B(z,r) = {y € X : d(2,y) < r}, r > 0, form a basis of neighborhoods of the point
2, p is defined on a g-algebra of subsets of X which contains the balls, and
0 < p(B(z,2r)) < Ky p(B(z,r)) < 400,

where K; > 1 (1 = 1,2) are constants independent of z,y,z € X and r > 0.

We assume that py({z}) = 0 for all 2 € X and that the space of compactly supported
continuous functions is dense in L'(X, u).

If u(X) < +o0, then there exists a constant Ry > 0 such that

(2.1) X =B(z,Ry) forallz e X

(see Lemma 5.1 in [12]).
X is called @-homogeneous (Q > 0), if there exists constant K3 > 1 such that

0<r<+4oo when yu(X)=+oo,

2.2 K; 7'rQ < u(B(z,r)) < K3r®  for
(2:2) : < u(Blz,r)) < Ks {0<7’<R0 when u(X) < 400,
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where Ry is the constant in (2.1). The n-dimensional Euclidean space R™ is n-homogeneous.
If @ =1, then (X,d, i) is said to be normal. Macias and Segovia [8] showed that for any
space of homogeneous type (X, d,u) there exists a quasi-distance ¢ such that (X,d,p) is
normal and that the topologies induced on X by d and § coincide.

Let a function p : (0, +o00) — (0, +00) satisfy the following:

1 p(s) 1 s
2. — < —L- <A A - < -<2
(23) Ay~ p(r) R
(2.4) pr(é) < Agps(—;) for s<r,
1
t

(2.5) / Q dt < 400,

Jo

where A; > 0 (i = 1,2) are independent of r,s > 0. For a -homogeneous space (X, d, ),
let

L@ = [ f) ") duty)

If p(r) =r®, 0 < & < Q, then I, is the fractional integral or the Riesz potential denoted by
I,.
Without the assumption @-homogeneous, we define

it = [ s R

where p satisfies (2.3)—(2.5) with @ = 1 (see also [6, p. 121]).

A function @ : [0, 400] — [0, +00] is called a Young function if ® is convex, 1ir_|r_10 D(r) =
r—

®(0) =0 and lil_P B(r) = ®(+00) = +00. Any Young function is increasing.
r—=T o0

For a Young function @, the complementary function is defined by
(’I;(r) =sup{rs — ®(s) : s >0}, r >0.

Then @ is also a Young function. For example, if ®&(r) = r?/p, 1 < p < oo, then CT)(T) =
rpl/p’7 1/p+1/p =1. If ®(r) = r, then ®(r) =0(0 <r <1),= 4oo(r > 1).

For a Young function @, let

’(I)' = 1 N '6 T 3 i O 10T solne €
L*(X) {feLloc(X)./ch () dpa(e) < +oo >o},

11l =inf{>\>0:/x'1><f(;:)|) dp(z) < 1},

L? (X)) = {f € Ll (X) : sup ®(r) m(r,ef) < +oo for some € > 0} ,

weak
r>0

Ifll®,weak = inf{/\ >0:sup®(r) m (r, %) < 1} ,

r>0

where m(r, f) = u({z € X : |f(2)] > r}).

If a Young function ® satisfies
(2.6) 0<®(r) <4oco for 0<r < +oo,

then @ is continuous and bijective from [0, +0c0) to itself. The inverse function ® ! is also
increasing and continuous.
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A function @ is said to satisfy the Vs-condition, denoted ® € Vs, if

1
< — >
O(r) 2k¢‘(lm) r >0,

for some k > 1.
Let M f(z) be the maximal function, i.e.

Mf(x) = sup ey /If ) dply

where the supremum be taken over all balls B containing x.
We assume that ® satisfies (2.6). Then M is bounded from L*(X) to L?_,
(2.7) Mf|lo weak < Col|flla-
If ® € Vs, then M is bounded on L?(X) and
(2.8) 1M flle < Coll fll-
Let

(X) and

+o0o  when p(X) = 400,
w =
Ry when u(X) < +oo,

where Ry is the constant in (2.1). Then our results are as follows.

Theorem 2.1. Let (X, d, ;1) be Q-homogeneous and p satisfy (2.3) (2.5). Let ® and U be
Young functions with (2.6). Assume that there exist constants A, A') A" > 0 such that

“ p(t) i / -
(2.9) / ) (A_[ o)) ds (1/rQ)tQ> 19T dt < A" for0<r<w,

min(re) 1) (1 ng—1f 1
(2.10) dt @ o) <A'Y — | for 0<r <+oo,
Jo A r

where ® is the complementary function with respect to ®. Then, for any Co > 0, there
exists a constant Cy > 0 such that, for f € L®(X),

o v(etm) =* (i)

Therefore 1, is bounded from L®(X) to LY _ . (X). Moreover, if ® € Vs, then I, is bounded
from L®(X) to LY(X).

—

“Q
- |

Remark 2.1. Let
Tf(x —911p/f VIC(t, 2, y) duly)]|
>0

where K : (0,400) x X x X — C is a kernel such that

lh pld(z,y))

for some C > 0 independently of ¢, , y. Then the theorem also holds for the operator T.

Remark 2.2. We define a generalized fractional maximal function M, by

1/Q .
My f(e) = sup % [ 1l duts)
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Let
_ Je)/t9 y e B(a,t),
IX(t,:C,y) - {0 y % B(I,t)

Then K satisfies (2.12) and T'|f| ~ M,f. Hence the theorem also holds for the operator
M,.

The next corollary is for the operator I:p. For any space of homogeneous type (X, d, u)
there exists a quasi-distance ¢ such that (X, 0, ) is normal and that
0(z,y) < Cp(B(z,d(x,y)))
(see Macias and Segovia [8]). From (2.3) and (2.4) with @ =1 it follows that
plu(B(x,d(z,y)))) _ ~p((z,y))
p(Ba,d(z,y))) —  dz,y)
By Remark 2.1 we have the following:

Corollary 2.2. Let p satisfy (2.3)—(2.5) with @ = 1. Let ® and U be Young functions with
(2.6). Assume that (2.9) and (2.10) hold with @ = 1. Then, for any Cy > 0, there exists a
constant Cy > 0 such that, for f € L*(X),

f:pf(f)\ Mf(x)
N [0) .
Cilflle ) = <Co|f|<1>)

(2.13)

Therefore I:p is bounded from L*(X) to LY . (X). Moreover, if ® € V3, then ]:p 1s bounded
from L®(X) to LY(X).

For functions 6, : (0, +00) — (0, +00), we denote #(r) ~ r(r) if there exists a constant
C > 0 such that
C(r) < w(r) <CO(r), r>0.
A function 6 : (07 +oc) — ((J, —I—OO) is said to be almost increasing (almost decreasing) if
there exists a constant C' > 0 such that 8(r) < C8(s) (6(r) > C8(s)) for r < s.

Remark 2.3. From (2.3) it follows that
(2.14) p(r) < C/ %t)dt.
0

If p(r)/r® is almost increasing for some ¢ > 0 and p(t)/t? is almost decreasing, then p

satisfies (2.3)(2.5) and [ (p(¢)/t)dt ~ p(r). Let p satisfy (2.4) and

{1/(10g(1/r))0‘+1 for small r,

> 0.
(logr)o—1 for large r, “

p(r) =
Then
/" Pt 5, {1/(10g(1/r’))a for small r,
o t (logr)~ for large r.
Remark 2.4. In the case ®(r) = r, (2.9) is equivalent to
p(t) _ Ay (p(s)/s)ds

@ - r@ ’
This inequality follows from (2.4) and (2.14).

0<r <t.
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Remark 2.5. If u(X) < 400, then (2.10) for large r is equivalent to ¥(r) < ®(C'r) for small
T.

We will apply Theorem 2.1 to prove Propositions 5.3 and 5.4. The following corollaries
are stated without the complementary function. We will apply Corollary 2.3 to prove
Propositions 5.1 and 5.2. We cannot use, however, the corollaries to prove Propositions 5.3
and 5.4. The proof of the next corollary is the same as [10, Proof of Cor. 3.2].

Corollary 2.3. Let (X,d,p) be Q-homogeneous and p satisfy (2.3)-(2.5). Let ® and U be
Young functions with (2.6). Assume that

[ (o)

is almost decreasing for 0 < r < w and that there exist constants A, A’ > 0 such that

- Cplt) g1 , "p(t) a1 )
min(7,w) ¢ 1 1
(2.16) / p(t) dt @1 <> <A gt <) for 0 < r < 4oo0.
/ 0 t Q rQ

Then (2.11) holds. Therefore I, is bounded from L®(X) to LY

zlzen,k(‘X)> MOT@O'UeT'; qu) & vz’
then I, is bounded from L®(X) to LY(X).

Remark 2.6. If r¥p(r)®1(1/r?) is almost decreasing for some ¢ > 0, then

Yplt) 1 o a—1 1
This inequality and (2.14) yield (2.15).

Corollary 2.4. Let (X,d, ) be Q-homogeneous and p(r) = r® with 0 < o < Q. Let ® and
U be Young functions with (2.6). Assume that there exist constants A, A’ > 0 such that

‘ @ 1 1
—~ a—15—1 [0 -1 ,
(2.17) /r e (tQ) dt < Ar® @ (rQ> for 0 <r <w,

, 1 1
(2.18) min(r,w)® ®! (—Q) <A 9! (—Q) for 0 <r < +oc.
r T

Then (2.11) holds. Therefore I, is bounded from L*(X) to LY

weaklX). Moreover, if & € V5,
then I, is bounded from L®(X) to LV (X).

To prove this corollary by Corollary 2.3, we need the almost decreasingness of
r@®~1(1/r?). Since the function r*®~1(1/r?) satisfies (2.3), it follows from (2.17) that

“ 1 1
/ o te! (t_Q) dt ~ 72 &1 (_Q> for 0 < 2r < w.
- r

Hence r*®~1(1/r%) is almost decreasing.
The Hardy-Littlewood-Sobolev theorem follows immediately from Corollary 2.4.

Corollary 2.5 (Hardy-Littlewood-Sobolev). Let (X, d,u) be Q-homogeneous and p(r) =
r, ®(r)=rP and U(r) =r? with0 < a < Q, 1 <p < Q/a and Q/q = Q/p — o. Then
(2.11) holds. Therefore I, is bounded from LY(X) to L . (X) for p=1 and from L?(X)
to LY(X) for L <p < Q/e.

Similarly to Corollaries 2.3-2.5, we can state the results for the operator I:p.
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3. PRELIMINALIES

Let ® be a Young function. By the convexity and ®(0) = 0, we have

(3.1) D(r) < z<I>(5) for r <.
s
Let @ be the complementary function with respect to ®. Then
~ [
(32) 8 (") <a0). r>0
”
Actually,
()
(r) D(s) <P(r) fors<r
-
and
®
(r)stI)(s) <0 fors>r
T

We note that
(33 [ @@l dute) <20 flolal
(see for example [15]).
A function @ is said to satisfy the As-condition, denoted ® € As, if
D(2r) < kP(r), r>0,

for some k > 0.
A Young function ® with (2.6) is called an N-function if ®&(r)/r — 0 as r — 40 and

®(r)/r — 400 as r — +oo. If & is an N-function, then the complementary function P is
also an N-function, and

(3.4) r<®'(r)@'(r)<2r, r>0.

d € V, if and only if P e A,
Let K5 be the constant in (2.2) and let K.© = I5(1 4+ K3). Then

(35) 9= (K7 K9 — K;3)r9 < p(B(w, Kyr) \ B(a,r)) < K3K,%r9  for Kyr < w.

4. PROOF OF THEOREM 2.1

Let
p(d( ,y))
J d d
1 /d(wm y) PRI ((y) an
p(d( ,y))
J: d .
2 / 7y)>r d($7y)Q /u(y>
Let

h(r) :inf{p(s) 18 < 7"}, r> 0.
Then h is nonincreasing. It follows that
[ @b ) dute) <35 [ ) duty)
d(z,y)<r d(z,y)<r

(see Stein[18, p.57]). Since h(r) ~ p(r)/r?,

i< ese) [, y P duty) = o) [

g

(z,y)<min(r,w
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By (2.3) and (3.5), we have

pld(z,y)) /K“S p(t) -
——— du(y) ~ —=dt for Kys < w.
(/sgd(x,y)<f&'4s d(f,y)Q ( ) s t !

Hence

min(r,w) ¢
(4.1) Al < ch(;x)/ Q dt.

0
Next we estimate Jy. If r > w, then J; = 0. So we assume that r < w. By (3.3) we have

pld(z,-))

(4.2) |Jo| <2 WXB(x,r)C(')

Al
P

where x (e is the characteristic function of the complement of B(x,r). Let

(4.3) F(r)= /0 @ ds &~ (%@) :

We show
(4.4) H’MXBHUH < CF().

From (2.3), (3.5) and the increasingness of & it follows that

where Cy and Cj are independent of A > 0, s > 0 and @ € X. We may assume that
C3;A' > 1. By (3.1) and (2.9) we have

I - o1 1 / 5( P Y01
' CaAAF(r)tQ = R TRevrol <
(+6) / ¢ (CgAA’F(r)tQ)t d<oa ] Plarmm )i

Let A = C2C3AA'F(r). Then, by (4.5) and (4.6) we have

. ' 5 (Pld.y))
(4.7) /d(x’ym@ (/\d(‘r’y)Q> dp(y) <1,
and so (4.4). By (4.1), (4.2) and (4.4) we have

. 1 min(r,w)
48 sl =ln+al <o (i +liee () [T D

Choose r > 0 so that

_ 1 Mf(2)
49 o <_> _ M)
9 rQ Col flle
Then
min(r,w — -1 M f(x)
(4.10) D pt) ¥ ) Y o2 (i)
' o A S 37 (0)
‘ " Coll e
By (4.8), (4.9) and (4.10) we have
. L (M)
Iflz)| <C \IJlocI)<i'. )
[, f(2)| < Cillflle CollFlls

Therefore we have (2.11).
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Let Cy be as in (2.7). Then
» Ipf(l')|> _ ‘ < <|Ipf($))>
mpd(r) m ( Cillfle) 3 Y e e
Mf(z) )) B ( Mf(x) )
suprm | r, @ =sup®(r) m|r, ———=— ,
<swrm (e (ZH)) =smweern (5 ) <1

o fllw,wear < Crl|flle-

Let Cg be as in (2.8). Then
prf(fv)> N (Mf(a:)) )
[oe (@) a0 [ o () d <t

I, fllw < Cil|flle-

1e.

5. PROPOSITIONS

In this section we investigate the cases

p(r) = (log(1/r))™, (log(1/r))~" (loglog(1/r))=%, r?(log(1/r))", ete.
We assume that p(X) = +oc. (For the case pu(X) < 400, see Remark 2.5.)
For large r, let
Li(ry=logr, liyi(r) =logli(r) (1 =1.2,...),
e1(r) =expr, eiq1(r) =expei(r) (1 =1,2,...).
Let —oc < a < +oo. For small r, let

re

L[n,a](ri) = (10g(1/r))—a . n =
(It nm) ) n>2.
For large r, let

re n =20,
Lmel(p) = { (logr)® n=1,

(H?Qf li(r)) T () n>2

Let 0 < p < co. For small £, let

e n =20,
B (&) = {1/%(1/51{) n>1.
For large &, let

Elrol(g) = {ip(é_p) Zi S

We define G; C ({0} UN) x (—o0,+00) x (0,+00) x (0,+00) (3

= 1,2) as follows:
(n:a:p7Q) € G —
{0<a<Q, 1<p<Qa,q>1,Q/¢g>Q/p—«a, whenn =0,

a>1,0<p<l/(a=1),1/¢g>1/p—(a=1), when n > 1.
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(n,a,p,q) € G =

1<p<Q/a, Q/q<Q/p— a, whenn =0and 0 < a < Q,
l<p<g<oo, when n =0 and o = 0,
1<p<g<oo, when n =0 and o <0,
O<p<lf(e+1),1/¢g<1/p—(a+1), whenn>1landa > -1,
0<p<qg<oo, whenn >1and o = —1,
0<p<g< oo, whenn > 1and o < —1.

Proposition 5.1. Let (n;, a4, pi,¢;) € Gi (i = 1,2). Let p satisfy (2.3) and
0= oo

Let ® and ¥ be N-functions such that

5(6) - {?ﬁiliﬂ (€ Joramell &y {5&:@3&%8 b
Then (2.11) holds and I, is bounded from L®(X) to LY (X).
Remark 5.1. The case

(n1, a1, p1,q1) = (n2,02,p2,q2) = (0,0, p, q)

is the Hardy-Littlewood-Sobolev theorem. Let

(n1,a1,p1,q1) = (La+1,p,q) and  (ng,a2,p2,¢2) = (Lo —1,p, q).
Then we have that I, is bounded from exp L? to exp LY.

Proof. There exist small constant ry and large constant r9 such that, for 0 < r < ry,

(T) =7,

“(1/1@) = -,
(1/r@) = /e,

)@~ (1/r@) = re1=Q/r

l=TEs

when n; = 0.

> e

r :L[nl'al](r),

THL/r9) ~ (L ()P
THL/r9) ~ (Lo (1))

p(r) @~ (1/r?) ~ Lin, ay—1/p(1);

B
—~

when ny > 1,

S

and, for r > rq,

when ny = 0.

when ne > 1.
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Hence, for 0 < r <rq,

/rﬂ@dtw{raa when ny =0,
0

t (1, (1/r)) 1 whenng > 1,

/r1 Pt) -1 <i> dt < {CM_Q”’% when n; = 0,

t z Cllay (1/r)= 1 F 147 wwhen g > 1,

and, for r > ry,

ro2, when ng =0 and 0 < oy < Q,
log r, when ne = 0 and ag =0,
/,. M . 1, when ny = 0 and as < 0,
0 (In,(r))e2* when ny > 1 and ag > —1,
(Lust1(1)), when ne > 1 and ap = —1,
when no > 1 and as < —1,

1,
oot (1 re2=Q/pz when ny = 0,
— — | dt ~
- i 1< (Iny ()22 t171/P2 when ny > 1.
Let F(r) be as (4.3). Then
Tplt) i (1 .

+co
pt) . (1 i1 1

Since F(r) and U='(1/r?) are continuous,

) i (1 . . . <
/r T(I) <7f_Q dtSCF(I)SC\I’ r_Q 5 11§I§I2.

1

and

Using the almost decreasingness of F(r), we have (2.15) and (2.16). Applying Corollary
2.3, we obtain the desired result. O

We define H; C [1,Q) X (—o0,400) X (—o0,+00) X (—o0, +00) (1 = 1,2) as follows:

a>1,0<08<+0,0<y<a+F—-1 whenp=1,

o, 0,7) € Hy <=
(P, 5,7) ! {a>1,—oo<,6’<—|—oo.,’y§a—|—ﬁ—l when 1 <p< Q.

(pao‘me'/f\/) € Hy —

0<p<4o0,y>a+p+1 when p=1and a > —1,
0<p<y<+x when p=1and a = —1,
0<f<y< 4+ when p=1and a < —1,
—o<f<Hoo, y>a+pF+1 whenl <p<@Qanda>-—1,
—o < <y < oo when 1 < p< @ and a = —1,
—0 < <y < +o0o when 1 <p< Q and a < —1.

Proposition 5.2. Let n; > 1 and (p;, ai,8:,7v:) € Hi (1 =1,2). Let p satisfy (2.3) and

Ly, a1(r)  for small r,
p(?") _ {nlval}( )
Ltze2l(r) - for large r.
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Let @ and ¥ be Young functions such that

£r2(1, (1/5))_1’252 for small &,

[0)) =
© {e’l(znl( WP for large €.
: §P2 (15, (1/6))7P272  for small &,

v =
(©) {f’”l(lnl( £))nm for large &.

Then (2.11) holds. Therefore I, is bounded from L®(X) to LY . (X) forpi =1 or py =1,
and, from L?(X) to LY(X) for 1 <p; < Q (i = 1,2).

Proof. First we note that

71(¢) ~ E1/72(1,(1/€))P2  for small &,
fl/pl(lnl(f))’ﬁl for large £

follows from

P(EMP2(1,,(1/€))%2) ~ ¢ for small &,
B(EP (1ny (€))7) ~ € for large €,

and @' € A,. Similarly,
51 (e) o J €1/ for small ¢,
EVri(l,, (€)™ for large €.

There exist small constant r; and large constant ry such that, for 0 < r < ry,

[ 2t~ gy,

&N (1/r?) ~ (1/r )P (1, (1/r)) 751,
TH(L/r9) ~ (1) r @) P (1, (1)) 7,
p(r)(b—l(l/rQ) ~ ;1/7“ )UplL[nlﬂl-«'ﬂl](T)v
and, for r > ry,

(Iny(r)*2*1) when ag > —1,
p(t) L
—~ dt ~ < (lyy41(1)), when as = —1,
0o t
1,

when a2 < —1,

O (1/rQ) ~ (1/r) P2 (1, (r))P,
THL/P9) ~ (1) (L (),
o) 8 (1/r2) ~ (1/r@)Vp2 lrzsoat ool

Then we have (2.16). Since rsp(r)® 1(1/r?) is almost decreasing for some ¢ > 0, by
Remark 2.6 we have (2.15). Applying Corollary 2.3, we obtain the desired result. O

Proposition 5.3. Letn; > 1,a; > 0 (1 = 1,2). Let p satisfy (2.3) and

e, (1)) for small v,
olr) = {TQ(lnz(r))_C'Q for large r.

Let (&) =&, and U be N-function such that

_ 1/en2((1/€)1/a2) for small &,
() = {€n1<£1/a1> for large €.
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Then (2.11) holds and I, is bounded from L'(X) to LY

weak

(X).

Proof. By Remark 2.4 we have (2.9). There exist small constant ry and large constant ro
such that, for 0 <r <y,

[ A e o) = 2ty
O H1/r9) = 1/r9,
T2~ (L (L)

and, for r > rq,

[ bt o) = 12t

t
9y =100,
THL/r9) ~ (g (r)) 0,
Then we have (2.10). Applying Theorem 2.1, we obtain the desired result. |

Proposition 5.4. Letn; > 1,0; > 3; > 0 (1 = 1,2). Let p satisfy (2.3) and
(r) = r@ (1, (1/r))*  for small r,
S r@ (1, (1)~ for large r.
Let ® and U be N-functions such that
(In,(1/6))7P2 for small €,
B(¢) = §( ( /5;1) f' £
£(1n, (€)) for large €,
\11(5) _ 1/6n2((1/§>1/(a2_52)) fOT small f’
| en, (€ (7P for large €.

Then (2.11) holds and I, is bounded from L®(X) to LY. . (X).

weak

Proof. First we note that

. E(1na(1/€))™  for small €,
O~ {g(zm (€)™ for large €.

Let & be the complementary function with respect to ®. From (3.4) it follows that

~ =B2 for sma
q,l(g)N{(an(l/s)) for small ¢,

(I, (£))P for large €.
Then there exist constants &1, & (0 < & < &) such that
(5.1) L/en, ((€/C)7HP2) < B(6) < 1fen, ((CE) 7152, 0<E< b,
(5.2) eny ((E/C)V7) < B(E) < €, ((CEHYM), £> €1

There exist small constant r; and large constant ro such that, for 0 < r < ry,

| At~ ) = 120, 1/

t
THr9) ~ (P9 (L, (1)),
THAC) ~ (L (1)) T



914 EIICHI NAKAI

and, for r > ro,

Then we have (2.10).
There exist constants d§, M, 73,7y >0 (r3 < ry, 79 < ry) such that

Q/2
s e (i) ()7

(5.4) Eny (M 1, (1)) > 129, t>ry.

Let A > 0 be sufficiently large. Let F(r) be as (4.3).
Let 0 <r <t <r3. If p(t)/(AF(r)t?) > &, then (5.2) and (5.3) show

() < ()" - (G )

(G () () ()<
If p(t)/(AF(r)t?) < &, then $(p(t)/(AF(r)t?)) < &(£;). Hence

. = p(t) Q-1
. — |t it < C < rj.
(5.5) /T Q)(AF(r)tQ)f dt<C, 0<r<ry

Let ry <r <t. Since

() ()™= 1
Fi@ ™ () =25 = (L (ra))

we may assume p(t)/(AF(r)t?) < &. Then (5.1) and (5.4) show
g () Cp(t) ™" Cs(lny(#) =2\ 7™
(0] (AF(T’)tQ> S 1/€n3 (AF(T’)tQ> ) S 1/6712 ((A(ln2(7’))_"2+'32>

_ Cs(lny (1))~ T s A —2Q
=1/en, << A(l,,, (r))~ozth: ) lnz(t)> < 1/en, << A> lno(t) | <t :

(5.6) /+Oo o (AFp((:th> O A< C, >y

~I

~—

Using (5.5), (5.6) and the almost decreasingness of F(r), we have (2.9).
Applying Theorem 2.1, we obtain the desired result. O
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