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ABSTRACT. In this paper, we introduce the notion of prime and semiprime ideal and charac-
terize prime and semiprime ideals in a I'-seminear-ring. Among them, for any I'-seminear-ring,
an ideal is semiprime if and only if it is the intersection of all primes containg it. Moreover,
an ideal of a T'-seminear-ring is prime if and only if it is semiprime and strongly irreducible.

1. Introduction

In 1967, W. G. van Hoorn and B . van Rootselar introduced the concept of seminear-ring.
In [2], we introduced the the notion of I'-seminear-ring as a generalization of seminear-
ring. In this paper, we introduce the notion of prime, semiprime ideal and m-system in
I'-seminear-ring. Using the notion of prime and semiprime ideals, we characterize prime
and semiprime ideals in a [-seminear-ring. Among them, for any I'-seminear-ring, an ideal
is semiprime if and only if it is the intersection of all primes containg it. Moreover, an
ideal of a ['-seminear-ring is prime if and only if it is semiprime and strongly irreducible in
I'-seminear-ring.

2. Preliminaries

We first recall some basic concepts for the sake of completeness. Recall that a non-
empty set R with two binary operations “+”(addition) and “” (multiplication) is called a
seminear-ring , if it satisfies the following axioms:

(i) (R,+) and (R, -) are semigroups,

(i) (z4y) - z=a-z4+y-zforal z,y,z € R.
Precisely speaking, it is a right seminear-ring because it satisfies the right distributive law.
We will use the word “seminear-ring” to mean “right seminear-ring”. We denote xy instead
of z - y.

3. Prime and semiprime ideals
We begin by defining the notion of a I'-seminear-ring.

Definition 3.1 ([2]). A T'-seminear-ring is a triple (R, +,T") where
(i) T is a non-empty set of binary operators on R such that for each a € T', (R, +, )
is a seminear-ring,
(i) za(yfz) = (vay)fz for all z,y,z € R and o, 3 € T.

Example 3.2. Let R be the set of all integers of the form 4n 4+ 3 and I' the set of all
integers of the form 4n + 1. If “+ 7 is an usual sum of integers and zay = = + a + y for
z,y € Rand a € T, then (R, +,T) is a I'-seminear-ring.
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Definition 3.3 ([2]). Let R be a I'-seminear-ring. A subsemigroup A of (R,+) is called
a left (resp. right) ideal of R if RT A C A (resp. ATR C A). A left and right ideal is called

an ideal.

Let R be a I'-seminear-ring and I,J C R. Denote IT'J = {aab

a,b € Rand o € T'}.

Definition 3.4 ([2]). Let R and R’ be I'-seminear-rings. A mapping f : R — R’ is called
a ['-seminear-ring homomorphism (briefly, I'-homomorphism) if f(x+y) = f(z)+ f(y) and
flayy) = f(a)yfly) for all 2,y € R and vy € T.

Lemma 3.5. Let R and R’ be a I'-seminear-ring S and f : R — R’ be a I'-seminear-ring
homomorphism. Then
(i) ITJ)TK = IT(JTK) for all I,J. K C R.
(i) f='(JO)TF"(J2) C fTY(ITT2) for all Jy, Jo € R'.

Proof. The proof is easy. 0O

Definition 3.6. Let R be a I'-seminear-ring. A proper ideal P of R is called prime if for
any ideals I and J, ITJ C P implies I C Por J C P.

Definition 3.7. Let S be a subset of a I'-seminear-ring R. Then
(i) The right (resp. left) ideal generated by S is the smallest right (resp. left) ideal
containing S and is denoted by (S), (resp. (S)).
(ii) The ideal generated by S is the smallest ideal containing S and is denoted by (.5)

For ecch r of a I'-seminear-ring, the smallest ideal containing r is called the principal
ideal generated by r and is denoted by (r).

Proposition 3.8. Let P be a proper ideal of a T'-seminear-ring R. Then the following
statements are equivalent.
(i) P is prime
(i1) For ideals I and J of R, (IT'J) C P implies I C P or J C P.
(iii) For elementsi and j in R, i ¢ P and j ¢ P implies (i)'(j) € P.

Proof. Clearly (i) and (ii) are equivalent.

(i)= (iii): Let P be a prime, i ¢ P and j ¢ P. Suppose (1)I'(j) C P. Then (i) C P or
(j) CP.Soi€ Porje P. This is a contradiction. Thus ({)I'(j) € P.

(iii)= (i): Assume that I ¢ P and J € P. Then there exists i € I\P and j € J\P. So
(i)I'(j) € ITJ but (1)I(j) € P by (iii). Thus ITJ € P. O

Proposition 3.9. Let P be a proper ideal of a T'-seminear-ring R. If {aarBblr € R, a, 3 €
I} CPifand only if a € P or b€ P, then P is prime.

Proof. Let H and K be ideals of R with HTK C P. Assume that H ¢ P andlet a € H\P.
Then for any b € K,{aar@blr € Rand o, € I'} C HTK C P. Since a ¢ P, b€ P. So
K C P and hence P is prime. O

Proposition 3.10. Let {P,}laca be a family of prime ideals which are totally ordered by
set mclusion. Then Noeca Py 1s prime.

Proof. Let I and J be ideals of R. If IT'J C NgeaP,, then IT'J C P,, for all a € A.
Assume that there exists @ € A such that I ¢ P,. Then J C P, and so J C Py for all
> a. Suppose that there exist v < a such that J € P,. Then I C P, and so I C P,,
This is impossible. Thus J C Pg for any € A. Hence Naea Py is prime. [
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Proposition 3.11. Let I be an ideal of a I'-seminear-ring R with R+1 C I and I+ R C I.
Let P be a proper ideal of R containing I. If 7 : R — R/ is the canonical epimorphism,
then P is prime if and only if n(P)is prime.

Proof. Assume that P is prime in R, J; and J, be ideals in R/I such that J,I'J; C =(P).
Let 7F71<J1) = I; and 7'('71(1]2) = Iy. Then T, = 7771((]1)1177*1((]2) - 7T71(J1].—‘J2) -
71 (w(P)) = P. Since P is prime, [; C P or I C P. So, J; = n(x '(J1)) = (L) C =(P)
or Jy = (7 ' (J3)) = w(J2) C =(P). Thus n(P) is prime. Conversely, let 7(P) be prime
and let I;, I be ideals of R such that ;T C P. Then n([;})I'n(Iy) = n([1TI;) C =(P).
Since w(P) is prime, n(I1) C 7(P) or w(lz) C m(P). Sol; C Por I, C P. Thus P is
prime. O

Definition 3.12. Let R be a [-seminear-ring. A nonempty subset M of R is called an
m-system if for a,b € M, there exist a; € (a),b; € (b) and a € T such that a;ab; € M.

Proposition 3.13. Let P be a proper ideal of a I'-seminear-ring R. Then P 1s prime if
and only if R\P is an m-system.

Proof. Assume that P is prime. Let « € R\P and b € R\P. Then (a)I'(b) € P. So, there
exist a; € (a),b; € (b) and o € T' such that a;aby ¢ P, ie., ajab; € R\P. Thus R\P is an
m-system. Conversely, if R\P is an m-system and let a € R\P and b € R\P. Then there
exist a1 € (a),b € (b) and a € T such that a;ab; € R\P. Thus (a)I'() gZ P and hence P

is prime. [

Definition 3.14. Let R be a I'-seminear-ring. Then A C R is said to be subtractive if
a€ Aand a+be Aimply b€ A.

Lemma 3.15. Let R be a I'-seminear-ring whose ideals are subtractive. Let P be a proper
1deal of R. Then P is prime if and only of for any ideals I,J of R, P C I and P C J wmply
ITJ ¢ P.

Proof. Assume that for any ideals I,J of R, P C I and P C J imply ITJ C P. Let I ¢ P
and J ¢ P. Then there exist ¢ € I\P and j € J\P and so P C P + (z). By hypothesis,
(P+ (1))T(P + (j)) € P and so there exist i’ € (i), € (j) and p,p’ € P and a € T such
that (p+4)a(p’+J') ¢ P. Since pa(p'+j') € P, i'a(p’+j') ¢ P. And since P is an ideal,
i"¢ P,and p'+3' ¢ P. Soi' ¢ P and j' ¢ P because P is subtractive. Thus («")'(j') € P.
But (+/)['(j’) CITJ. So IT'J € P. Hence P is prime. The converse is obvious. [

Theorem 3.16. Let M be a m-system of a ['-seminear-ring R whose ideals are subtractive.
Let I be an ideal with INM = (. Then there exists a prime ideal P such that I C P and
PNnM=1.

Proof. Let T = {J|J is an ideal of R, I C .J and JNM # 0} . Then Z # 0. Let {Ju }aca be
a chain in 7 under set inclusion. Then I C NpeaJo and (Ugeado)NM = Ugea(JoaNM) = (.
So Uaecada € Z. By Zorn’s Lemma, 7 has a maximal element P. Now we claim that P is
prime. If P C Ky and P C Ks, then there exist ky € Ky N M, ky € Ko N M and a € T such
that (k1)a(ks) C K T K and there exist &'y € (k1) and &'y € (k) such that k¥'yak’s € M.
So k'yak's € KiTK; N M. Since PN M =0, (K, TK) g_ P. Hence P is prime. O

Definition 3.17. A T'-seminear-ring R containing 0 is called a prime I'-seminear-ring if
{0} is a prime ideal.

Example 3.18. Let (R,+) be any I'-semigroup with identity 0. For a,b € R and o € T,
define aab = a if b # 0 and aab = 0 if b = 0. Then (R,+,-) is a I'-seminear-ring.
Indeed it is prime. Let I and J be ideals such that I # 0 and J # 0. Then there exist
i € I\N{0},7 € J\{0}. So iaj =i # 0. Thus IT'J # 0 and hence {0} is prime. O
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Definition 3.19. Let R be a I'-seminear-ring. An ideal @) is said to be semiprime if for
any ideal of I of R, IT'T C @ implies I C Q. A nonempty subset § is said an sp-system if
for every s € S, there exist s1,s2 € (s) ans a € I" such that syas, € S.

Clearly, every prime ideal is semiprime and each m-system is an sp-system.

Proposition 3.20. Let R be a I'-seminear-ring and Q an ideal of R. Then Q) is semiprime
if and only if R\Q ts an sp-system.

Proof. Assume that @ is semiprime. Let a € R\Q. Then (a) € Q and so (a)T'(a) € Q.
Thus there exist ay,az € (a) and o € T such that ajaas ¢ Q. Hence R\Q is an sp-system.
Conversely, assume that R\(Q) is an sp-system. Let I be an ideal with IT'I C (). Suppose
that I € Q. Then there exist s € I\Q C R\Q. Since syasy € (s)T'(s) CITI,ITT ¢ Q. this
is impossible. So I C @ and hence @ is semiprime. [

Remark 1. Let {Su}aca be a family of sp-systems of a T-seminear-ring R. If s € UpcaSa,
then s € Sy for some a € A. Since S, 1s an sp-system, there exist s1,80 € So C UgecaSa-
Thus UacaSa s an sp-system.

Lemma 3.21. Let S be a nonempty subset of a T'-seminear-ring R. Then S 1s an sp-system
if and only if S = UacaSa, where So's are m-systems of R.

Proof. Assume that S is an sp-system and so € S. Then there exist so',s0* € (s9) and
a € I' such that s; = sglasg? € S. And for sy, there exist s1',512 € (51) and 3 € T’ such
that sp = 513512 € S. Continuing this process, we can get a sequence sg,s1, 52, + . We
claim that M = {sg, 1,592, - -.} Is an m-system. Let s;,s; € M. We may assume that
i < j without loss of generality. Then (s;) C (s;). Take s;,s;2 € (s;) and v € I'. Then
s;'vs;? = sj41 € M. Thus M is an m-system. The converse is clear. O

Theorem 3.22. Let () be an ideal in a I'-seminear-ring R. Then @ 1s semiprime if and
only if Q is an intersection of all prime ideals Po(ow € A) containing Q.

Proof. Assume that @ is semiprime and let S = R\@Q. Then § is an sp-system. By Lemma
3.21, 5 = UgepSp for some m-system Sg. Since for each 5 € B, S C S, Pg = R\Sp is prime
containing @ and so @ C NaecaPo C NgenPs = Ngenp(R\Sz) = R\UgenSs = R\S = Q.
Thus @ is an intersection of P,. Conversely, let I be an ideal in R with IT'T C . Then
IT'I C P, for all a € A. Since P, is prime, [ C P, for all a € A and so I C ). Thus @ is
semiprime. O

Definition 3.23. An ideal I of a I'-seminear-ring R is said to be irreducible if for any
ideals H,K in R, I = HN K implies I = H or I = K. 1[I is strongly irreducible if
HNK C I implies H CIor K C1I. A nonempty subset A of R is an i-system if for any
a,be A (a)N(D)NAZ0.

Remark 2. Let M be an m-system of R and a,b € M. Then there exist a; € (a) and
by € (b) and a € T such that araby € (a) N (b) N M. Hence every m-system is an i-system.

Proposition 3.24. The following conditions on an ideal I in a I'-seminear-ring R are
equivalent.
(1) I is strongly irreducible
(i1) If a,b € R such that (a) N (b) C I, thena €I orbe I.
(ii1) R\I us an i-system.
Proof. (1)=(i1): It is clear.
(i1)= (iii): Let a,b € R\I. Suppose that (a) N (b) N R\I = . Then (a¢) N (b) C I. By
(i), we have a € T or b € I. Tt is a contradiction. Therefore (a) N (b) N R\I # 0. Thus R\I

is an ¢-system.
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(iil)= (i): Let H, K be ideals of R not contained in I. Then there exist a € H\I and
b e K\I. By (iii), (a) N (b) N R\I # (. Therefore there exist ¢ € (a) N (b) and ¢ ¢ I. Hence
HNK ¢TI and I is strongly irreducible. O

Theorem 3.25. A proper ideal P of a I'-seminear-ring R is prime if and only iof it is
semiprime and strongly irreducible.

Proof. 1f P is prime, it is semiprime. Moreover, if K, H are ideals of R such that HNK C P,
then HTTK C P, then HTK C HNK C P. Since P is prime, then H C P or K C P and so
P is strongly irreducible. Conversely, assume that P is semiprime and strongly irreducible.
If H and K are ideals of R such that HT'IKX C P, then (H N K)[(HNK) C HTK C P.
Since P is semiprime, H N I C P. By the strongly irreducible, we have H C P or K C P.
Thus P is prime. O
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