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Abstract. We prove that under CH there exists a countable dense subset X of Rc such

that Rc is normal on X. This answers a question of A.V. Arhangel'ski��. Another result

is that there exists a non-regular separable Hausdor� space Z which is normal on Y for

every dense countable Y � Z. It is also established that there are Tychono� separable

spaces which are not normal on any countable dense subspace.

0. Introduction. The notion of normality on a subspace of a topological space was

introduced by Arhangel'ski�� in his survey on relative topological properties [Ar]. A space

X is called normal on a subspace Y if any pair of disjoint closed sets F and G of X with

F \ Y = F and G \ Y = G can be separated by open sets in X . Arhangel'ski�� points

out in [Ar, Proposition 22] that if X is normal on Y then Y is normal in X , i.e. for each

pair A;B of closed disjoint subsets of X there are disjoint open subsets U; V in X such

that A \ Y � U and B \ Y � V . It is known [Ar] that a normal space is not necessarily

normal in a bigger space. However, every Lindel�of (and hence every countable regular)

space is strongly normal in any regular space [Ar,Corollary 10]. This makes it natural to

ask whether every Tychono� space is normal on its countable subspaces.

Recently, Arhangel'ski�� proved that there is a dense countable subspace A of Rc such

that Rc is not normal on A and asked whether the non-normality of a separable space is

due to its non-normality on all dense countable subspaces. Is it true in particular, that Rc

is non-normal on any countable dense subspace?

We show that the answer is negative under the Continuum Hypothesis: there exists a

countable dense subset X in Rc such that Rc is normal on X .

Another reasonable hypothesis for characterizing normality could be normality on every

countable subspace. It is easy to show that in general this is not the case, because there

exist pseudocompact spaces in which all countable subsets are closed and C�-embedded

[Sh]. Clearly, such spaces are normal on every countable subspace without being normal.

Therefore, if we want this hypothesis to hold, countable sets should be comparable (in some

way) with the whole space as happens, for example, in separable spaces.

We prove that for Hausdor� separable spaces this hypothesis is not true: there exists

a separable non-regular Hausdor� space which is not normal while being normal on any

countable dense subspace.

Now, if a regular space is separable, then it has a dense normal subspace. Does this mean

that X has to contain a \globally normal" (in some sense) subspace Y ? This also turns out

not to be true and we construct an example of a Tychono� separable space X such that X

is not normal on any countable dense subspace.
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1. Notation and terminology. The space R is the real line with its usual topology, Q

is the set of rational numbers with the topology inherited from R, and I = [0; 1] � R. The

closure of a set A in a space X is denoted A when X is clearly de�ned and clX(A) if it

might cause confusion. We identify any function with its graph and any ordinal with the

set of preceeding ones. The symbol c stands for the cardinality of continuum as well as for

the respective ordinal. The abbreviation CH denotes the Continuum Hypothesis, i.e., the

statement !1 = c. The symbol � stands for the end of a proof.

All other notions are standard and follow [En].

2. Normality and non-normality on dense countable subspaces. Let us show �rst

that Rc can be normal on a countable dense subset.

2.1. De�nition. A space X is said to be normal on a subset Y � X if every two disjoint

closed subsets F;G of X satisfying F = F \ Y and G = G \ Y can be separated in X by

disjoint open sets.

2.2. Theorem. If CH holds, then there is a countable dense subset X of Rc such that Rc

is normal on X.

Proof. Let f(A�; B�) : 1 � � < cg be an enumeration of all disjoint pairs of in�nite subsets

of !.

Using trans�nite recursion on ordinals � with 1 � � < c we are going to construct subsets

X� = fx�n : n 2 !g and Y� = fy�� : 1 � � � �g of the space R� in such a way that

(i) X� is dense in R� ;

(ii) x�nj
 = x
n for all n 2 ! and 1 � 
 < � < �;

(iii) y�� j
 = y
� for all 1 � � � 
 < � < �;

(iv) if 1 � � � � and clR�(Æ�(A�))\clR�(Æ�(B�)) 6= ; then y�� 2 clR�(Æ�(A�))\clR�(Æ�(B�)).

Here Æ� : ! ! X� is de�ned by Æ�(n) = x�n for every � < c and n 2 !.

Take an arbitrary countable dense subspace X1 = fx1n : n 2 !g of the space R = R1 . If

C1 = clR(Æ1(A1)) \ clR(Æ1(B1)) 6= ; then choose any y11 2 C1. Otherwise let y11 = 0. It is

clear that the sets X1 and Y1 = fy11g satisfy (i)-(iv).

Suppose that for some � < c we have constructed the sets X� ; Y� satisfying (i){(iv) for

all � with 1 � � < �. If � is a limit ordinal, let x�n = [fx�n : � < �g for each n 2 ! and

y�� = [fy�� : � � � < �g for each � 2 �.

Consider the set

(�) C� = clR�(Æ�(A�)) \ clR�(Æ�(B�)):

If C� 6= ;, let y�� be an arbitrary element of C�. Otherwise put y��(�) = 0 for all � < �.

It is clear that the sets X� = fx�n : n 2 !g and Y� = fy�� : � � �g satisfy the conditions

(i){(iv).

Suppose that � = � + 1. There are two possibilities: C� = ; or C� 6= ; (see (�) for the

de�nition of C�).

If C� = ;, let y��(
) = 0 for every 
 < �. If C� 6= ;, let y�� be any element of C�. It will

require more work to de�ne y�� for 1 � � < �.

Claim. There exist dense subsets fDi : i 2 !g of the space X� and sequences S� ; T� for

1 � � � � such that

(1) the family � = fDi : i 2 !g
S
fS� : 1 � � � �g

S
fT� : 1 � � � �g is disjoint and

[� = X�;
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(2) S� � Æ�(A�) and T� � Æ�(B�) for 1 � � � �;

(3) if 1 � � � � and C� 6= ;, then S� ! y�� and T� ! y�� .

Proof of the claim. Take a countable base fUn : n 2 !g in the space X�. Since X� is

dense in itself, every Un is in�nite. For each � with 1 � � < � choose non-trivial sequences

V� � Æ�(A�) and W� � Æ�(B�) in such a way that V� ! y�� and W� ! y�� if C� 6= ;:

This choice is possible because (iv) holds for X� and Y� . Now apply the following simple

set-theoretic fact: if the sets En are in�nite for every n 2 !, then there exist in�nite disjoint

sets fGn : n 2 !g such that Gn � En for each n 2 !.

By the above mentioned set-theoretic fact we can �nd in�nite sets S� � V� , T� � W�

and Hn � Un for all � � 1; � < � and n 2 ! in such a way that the family fS� : 1 � � <

�g
S
fT� : 1 � � < �g

S
fHn : n 2 !g is disjoint. The set D =

S
fHn : n 2 !g is dense in

X� and disjoint from E =
S
fS� [ T� : 1 � � < �g. Using again the countable base of X�

it is easy to split D into a disjoint union of dense subspaces fD0

i : i 2 !g of D and hence

of X�. Now add the set X� n (D [ E) to D0

0 and denote the resulting sets by Di; i 2 ! to

conclude the proof of the claim.

Given a � � 1 with � < � put y�� (
) = y�� (
) for every 
 < � and y�� (�) = 0. Let

x�n(
) = x�n(
) for all n 2 ! and 
 < �. Put x�n(�) = 0 if x�n 2
S
fS� [ T� : 1 � � � �g and

x�n(�) = pi if x
�
n 2 Di. Here fpi : i 2 !g is some enumeration of Q:

Let X� = fx�n : n 2 !g and Y� = fy�� : 1 � � � �g. It is not diÆcult to verify that the

families fX
 : 
 � �g and fY
 : 
 � �g satisfy (i){(iv).

To conclude the construction, put xn = [fx�n : � < cg for each n 2 ! and y� = [fy�� :

� � � < cg for each � 2 c. Let X = fxn : n 2 !g and let Æ : ! ! X be de�ned by Æ(n) = xn
for every n 2 !. We claim that Rc is normal on X .

To see this, take two disjoint closed subsets F;G � Rc satisfying F = clRc(F \X) and

G = clRc(G \X). If one of the sets F \X; G\X is �nite, then F and G can be separated

because Rc is regular. If not, then the pair (F \X;G \X) was listed in our numeration,

i.e. there is � 2 c such that F \X = Æ(A�) and G \X = Æ(B�).

Assume that clR�(Æ�(A�))\clR�(Æ�(B�)) = ;: Since R� is normal there are disjoint open

sets U � clR�(Æ�(A�)) and V � clR�(Æ�(B�)). Now ��1� (U) and ��1� (V ) are disjoint open

sets in Rc containing F and G respectively.

Suppose that clR�(Æ�(A�)) \ clR�(Æ�(B�)) 6= ;. Then, by our construction, there exists

a point y�
� 2 clR�(Æ�(A�)) \ clR�(Æ�(B�)). It follows easily from (iii) and (iv) that y� 2

clRc(Æ(A�)) \ clRc(Æ(B�)), i.e. F \G 6= ; which gives us a contradiction.

2.3. Proposition. For any separable space X the following conditions are equivalent:

(1) X is normal on every dense countable subset;

(2) any two separable disjoint closed subspaces of X can be separated by disjoint open sets.

Proof. It is immediate that (2)=)(1). Now suppose that (1) holds and let F and G be

separable disjoint closed sets. Pick countable A � F and B � G such that F = A and

G = B. Since X is separable, there is a countable dense subspace D � X . Now apply the

normality of X on D [ A [ B to �nish the proof.

2.4. Example. There is a Hausdor� non-regular separable space X which is normal on

each countable dense subspace.
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Proof. Let Y be a copy of !1 +1 in Rc. Take a countable dense subspace D in Rc which is

disjoint from Y . The space X will be the set Y [D with the following topology:

(i) all points in X , except !1, have their basic neighbourhoods inherited from Rc;

(ii) the basic neighbourhoods of !1 are the sets (W \D) [ f!1g where W is open set in Rc

containing the point !1.

It is easy to see that X is a non-regular space. It is Hausdor� because its topology is

�ner than the topology � on Y [ D inherited from Rc. We claim that the closure of each

countable set A in X concides with the �-closure of A in Y [D. Indeed, these closures can

di�er only in the point !1. Now if !1 2 clRc(A), and !1 =2 A, then !1 2 clRc(A n Y ) which

can take place if and only if !1 2 clX(A).

According to Proposition 2.3 it suÆces to prove that any separable disjoint closed sets F

and G in X can be separated by open sets. The observation above yields that F and G are

closed in (Y [D;�). The space (Y [D;�) is �-compact, and hence normal. Consequently,

the sets F and G can be separated in (Y [D;�) and hence in X .

2.5. Example. There is a countable dense subset C of Niemytzki plane N such that N is

not normal on C.

Proof. Recall that N = L [ U , where L = f(t; 0) : t 2 Rg and U = f(x; y) : x 2 R and y >

0g. The topology at the points of U is Euclidean and the base at a z = (t; 0) 2 L is formed

by the sets fzg [ f(x; y) 2 R � R : (x � t)2 + (y � 1
n
)2 < ( 1

n
)2g where n runs over positive

integers.

Let A = f(x; y) 2 U : x and y are rationalg and B = f(t; 0) : t is rationalg. We will

establish that N is not normal on C = A [ B.

Let ftn : n 2 !g be some enumeration of B. It is easy to construct open circles fWn :

n 2 !g such that their closures (in Euclidean topology) are disjoint, the radius of Wn is

less than 1
n
, the circle Wn is contained in U and is tangent to the x-axis at the point tn.

Consider the set P = A nW , where W =
S
fWn : n 2 !g. Then the sets F = P and

G = B = B are closures of subsets of C. Let us prove that F and G are disjoint and

can not be separated by open sets of N . Since rationals and irrationals in L can not be

separated by open subsets of N , it suÆces to verify that F \ L = L nB.

Since W [ B is a neighbourhood of B in N , no point of B belongs to F . Therefore F

and G are disjoint. Let us prove that every z = (t; 0) 2 L nB is in the closure of P .

Suppose not; then z =2 P for some z = (t; 0) 2 LnB. As a consequence O\A �W , where

O = fzg[ f(x; y) : (x� t)2 + (y� ")2 < "2g for some " > 0. The set O1 = O \ f(x; y) 2 U :

y � "g intersects only �nitely many Wn. Since W \ O1 is dense in O1, only �nitely many

Wn's cover a dense subset of O1. This means that O1 �W 1[ : : :Wn for some n. The space

O1 is connected and the closed sets Wn are disjoint, which implies that O1 �W i for some

i � n.

Now O andWi are two circles tangent to L at distinct points. Therefore, there is a Æ > 0

such that O2 \Wi = ; where O2 = f(x; y) 2 O : y < Æg. Let O3 = f(x; y) 2 O : y > Æ
2
g.

The same reasoning as in the above paragraph shows that O3 �W j for some j 2 !. Since

O3nW i 6= ; we have i 6= j and O1 �W i\W j whenceW i\W j 6= ; which is a contradiction.

Recently Arhangel'ski�� proved that Cp(!1 + 1) is not normal on any dense subspace.

However this space is not separable. Our next example shows that there exist separable

spaces with a similar property.
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2.6. Example. There is a Tychono� separable space which is not normal on any countable

dense subspace.

Proof. The underlying set of our space will be X = L [Q � R2 , where L = f(t; 0) : t 2 Rg

and Q = f(p; q) : p; q 2 Q and q > 0g. All points of the set Q are isolated. The base at a

point z = (t; 0) 2 L is the family Bz = [fBnz : n 2 !g where Bnz = ffzg [ U : U = V \Qg

and V is any open set in R2 which contains the set Tn = f(t; y) : 0 < y � 1
n
g.

It is clear that the space X is Hausdor�. The Tychono� property of X will follow from

the fact that X is zero-dimensional, i.e. has a base of clopen sets.

Indeed, let z = (t; 0) 2 L. Take any open U 3 z. There exists an n 2 ! and a W 2 Bnz
with the following properties:

(i) z 2 W � U and W = V \Q where V is open in R2 ;

(ii) the boundary of V n fzg (in the Euclidean topology) does not intersect the set Q;

(iii) the closure of V n fzg (in the Euclidean topology) does not contain any point from L

distinct from z.

It is immediate that the set W is clopen in X , and therefore X is zero-dimensional. Of

course, X is separable because Q = X . Any dense subspace of X has to contain Q, so it is

suÆcient to establish that X is not normal on Q.

Take any faithful enumeration fqn : n 2 !g of the set Q of rational numbers. Denote

by fVn : n 2 !g any family of open circles in the upper half-plane which has the following

properties:

(iv) Vn is tangent to L at the point (qn; 0);

(v) V n \ V m = ; if n 6= m (the closures are taken in R2 );

(vi) the radii of Vn tend to zero.

Denote by V the set
S
fVn : n 2 !g. For each n 2 ! take a sequence Pn = f(qn; r

m
n ) :

m 2 !g � Vn \Q such that rmn ! 0 when m!1. Let A =
S
fPn : n 2 !g and B = QnV .

We are going to establish that A nA = Q �f0g and B nB = (R nQ) �f0g (from now until

the end of the proof the closure is taken in X).

Since W = V [ (Q �f0g) is open in X and B \W = ;, we have B \ (Q �f0g) = ;. Now

Q�f0g � A implies that it suÆces to show that A\((RnQ )�f0g) = ; and (RnQ )�f0g � B.

Fix any point z = (t; 0) such that t 2 R n Q.

Claim. Suppose that a; b > 0 and a < b. Then there exists an " = "(a; b) such that

((t� "; t+ ")� (a; b)) \ A = ;.

Proof of the claim. There are only �nitely many points qn 2 Q such that the radius of Vn
is greater than or equal to a

2
. Therefore there is an " > 0 for which (t � "; t + ") does not

contain any of such qn. Taking "(a; b) = " we obtain what was needed.

Let "n = "( 1
n+2

; 1
n+1

) for each n 2 !. The set

U = fzg [
S
f(t� "n; t+ "n)� ( 1

n+2
; 1
n+1

) : n 2 !g

is an open neighbourhood of the point z and it follows from the claim that U \ A = ;.

Therefore A \ ((R n Q) � f0g) = ;.

Let us establish that z 2 B. If it is not true, then there exists an n 2 ! and a set G open

in R2 such that Tn = f(t; y) : 0 < y � 1
n
g � G and G \Q � V . It is easy to see that there

exists a sequence f"m : m 2 !g of positive reals such that the set

H =
S
f(t� "m; t+ "m)� ( 1

n+m+1
; 1
n+m

) : m 2 !g

is contained in G.
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There are only �nitely many k 2 ! such that Vk \ F 6= ;, where

F = (t� "0; t+ "0)� ( 1
n+1

; 1
n
):

The closures of the sets Vk in R2 are disjoint and a �nite subfamily of the closures of the

elements of the family fVk : k 2 !g cover the connected set F . This means F � Vp for some

p 2 ! n f0g.

There exists m 2 ! such that the set

Fm = (t� "m; t+ "m)� ( 1
n+m+1

; 1
n+m

)

intersects the closure of Vp but is not contained in it. Applying the same reasoning as in the

previous paragraph to the set Fm, we can conclude that Fm � Vq for some q 2 !. Clearly,

q 6= p because Vq contains Fm and Vp does not. However, Vp meets Fm and hence Vq as

well which contradicts the fact that the sets fVk : k 2 !g are disjoint.

Now that we have the equalities A = A [ (Q � f0g) and �B = B [ ((R n Q) � f0g) it

suÆces to prove that the sets Q �f0g and (R nQ) �f0g can not be separated by open sets

in X . The proof is essentially the same as for the Niemytzki plane: if there are open and

disjoint U and V such that Q � f0g � U and (R n Q) � f0g � V , then we can assume that

V =
S
fVz : z 2 (R n Q) � f0gg, where Vz 2 Bn(z) for each z 2 (R n Q) � f0g. Since the

space (R n Q) � f0g has the Baire property in the topology of R, there is an open interval

W � R and an n 2 ! such that fz 2W �f0g : n(z) = ng is dense in W . This implies that

V is dense in the set W � (0; 1
n
) in the Euclidean topology. If y 2 (Q �f0g)\W , then any

basic open set (in X) containing y has to intersect V . Therefore U and V are not disjoint.

We have already mentioned that Arhangel'ski�� has constructed an example of a countable

dense subspace of Rc such that Rc is not normal on it. However it is not clear without

additional set-theoretic assumptions whether such a subspace exists in R!1 . The following

group of results is some progress in that direction.

The construction below generalizes the one from [Tk, Example 1].

2.7. General construction. Let X be any Tychono� in�nite separable space. Given non-

empty disjoint regular open subsets U and V of the space X consider the following subspaces

of X!1 :

P (U; V ) = fx 2 X!1 : x(�) =2 U for any � < !1 and x(�) 2 V for some � < !1g and

Q(U; V ) = fx 2 X!1 : x(�) =2 V for any � < !1 and x(�) 2 U for some � < !1g.

Then

(i) P (U; V ) \Q(U; V ) = Q(U; V ) \ P (U; V ) = ;;

(ii) the subspaces P (U; V ) and Q(U; V ) are separable;

(iii) P (U; V ) \Q(U; V ) = (X n (U [ V ))!1 :

Proof. (i) If x 2 P (U; V ), then there is a � < !1 such that x(�) 2 V . The set G� = fy 2

X!1 : y(�) 2 V g is open in X!1 , contains x and does not intersect Q(U; V ). Therefore

Q(U; V ) \ P (U; V ) = ;. The equality P (U; V ) \Q(U; V ) = ; can be proved analogously.

(ii) Observe that P (U; V ) = F \ G, where F = (X n U)!1 and G =
S
fG� : � < !1g

(see (i)). Since U is a regular open set, the space X n U is separable which implies the

separability of F [En, Corollary 2.3.16]. The set G is open in X!1 so that P (U; V ) is an

open set in a separable space F . Hence P (U; V ) is separable.
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(iii) Since P (U; V ) � F (see (ii)), we have P (U; V ) � F = (X nU)!1 because F is closed

in X!1 . Analogously, Q(U; V ) � (X nV )!1 . As a consequence, we have P (U; V )\Q(U; V ) �

(X n (U [ V ))!1 .

On the other hand, given x 2 (X n(U [V ))!1 and a �nite A � !1, take any y 2 X!1 with

y(�) = x(�) for every � 2 A and y(�) = y0 2 V for each � 2 !1 n A. Then y 2 P (U; V )

and yjA = xjA. This proves that x 2 P (U; V ). The proof of x 2 Q(U; V ) is analogous.

2.8. Examples. (1) There is a dense open subspace X of R!1 which is not normal on a

countable dense set.

(2) There is a dense open (and hence locally compact) subspace Y of the Tychono� cube I!1

which is not normal on a countable dense subspace.

Proof. Take U = (0; 1
3
) and V = ( 2

3
; 1). The sets U and V are disjoint and regular open

in I as well as in R. This makes it possible to apply 2.7 to construct the sets P (U; V ) and

Q(U; V ) in R!1 or in I!1 respectively.

It follows from 2.7(iii) that the set T = P (U; V )\Q(U; V ) is nowhere dense in R!1 or I!1

depending on which is considered. So let X = R!1 nT if we are proving (1) and Y = I!1 nT

if (2) is under consideration.

Let A = P (U; V ) \ X and B = Q(U; V ) \ X (the closures are taken in R!1 ). The sets

A and B are separable, closed and disjoint in X . By Proposition 2.3, to establish that X

is not normal on some countable dense subspace it suÆces to prove that A and B can not

be separated by open sets in X . Since X is open in R!1 our task reduces to proving that

P (U; V ) and Q(U; V ) can not be separated by open disjoint subsets of R!1 .

Suppose that there exist open and disjoint G;H � R!1 such that P (U; V ) � G and

Q(U; V ) � H . Without loss of generality we can assume that G and H are regular open.

But then each one of them depends on countably many coordinates i.e. there is a countable

D � !1 such that G = ��1D �D(G) and H = ��1D �D(H) [RS]. In particular, the open sets

�D(G) and �D(H) are disjoint. Since �D(P (U; V )) � �D(G) and �D(Q(U; V )) � �D(H) we

have �D(P (U; V ))\�D(Q(U; V )) = ; which gives a contradiction because the point x 2 RD

with x(�) = 0 for all � 2 D belongs to �D(P (U; V )) \ �D(Q(U; V )).

The proof that X is not normal on a countable dense subset is complete. The same

reasoning applied to I!1 establishes the same about Y .

3. Unsolved problems. All results obtained here were inspired by Arhangel'ski��'s ques-

tions and investigations on the topic. We formulate here some problems of Arhangel'ski��

which were posed at his seminar held in Moscow State University.

3.1. Problem. Does there exist in ZFC a countable dense subspace X of Rc such that Rc

is normal on X?

3.2. Problem. Does there exist in ZFC a countable dense subspace X of R!1 such that

R!1 is not normal on X?

3.3. Problem. Does there exist a dense separable subspace X of Rc such that X is normal

on any countable dense subspace?

3.4. Problem. Is it true that the Niemytzki plane is not normal on any countable dense

subspace?

3.5. Problem. Is R[0;1] normal on the set of rational polinomials on [0; 1]?
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