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ABSTRACT. We define the notion of an interval-valued fuzzy subalgebra/o-subalgebra/ideal
(briefly, an i-v fuzzy subalgebra/o-subalgebra/ideal) of a BCK-algebra. We study how the
homomorphic images and inverse images of i-v fuzzy subalgebras become i-v fuzzy subalgebras.
We give relations between i-v fuzzy subalgebras/o-subalgebras and i-v fuzzy ideals. We give
a condition for an i-v fuzzy set in a BCK-algebra with condition (S) to be an i-v fuzzy ideal.
We also state characterizations of an i-v fuzzy subalgebra/ideal.

1. Introduction

Fuzzy sets were initiated by Zadeh [8]. In [9], Zadeh made an extension of the concept
of a fuzzy set by an interval-valued fuzzy set (i.e., a fuzzy set with an interval-valued
membership function). This interval-valued fuzzy set is referred to as an i-v fuzzy set. In
[9], Zadeh also constructed a method of approximate inference using his i-v fuzzy sets. In
[1], Biswas defined interval-valued fuzzy subgroups (i.e., i-v fuzzy subgroups) of Rosenfeld’s
nature, and investigated some elementary properties. In this paper we define the notion of
an interval-valued fuzzy subalgebra/o-subalgebra/ideal (briefly, an i-v fuzzy subalgebra/o-
subalgebra/ideal) of a BCK-algebra. We study how the homomorphic images and inverse
images of i-v fuzzy subalgebras become i-v fuzzy subalgebras. We give relations between
i-v fuzzy subalgebras/o-subalgebras and i-v fuzzy ideals. We give a condition for an i-v
fuzzy set in a BCK-algebra with condition (S) to be an i-v fuzzy ideal. We also state
characterizations of an i-v fuzzy subalgebra/ideal.

2. Preliminaries

In this section we include some elementary aspects that are necessary for this paper.

An algebra (KC; *,0) of type (2,0) is said to be a BCK-algebra if it satisfies the following
conditions:

(D) ((@xy)*(zx2))*(zxy) =0,

(1) (0% (2 %y) +y =0,

(III) zxx =0,

(IV) 0x2 =0,

(V) zxy=0and yxz=0imply z =y
for all z,y,z € K. Define a binary relation < on K by letting x < y if and only if z xy = 0.
Then (K; <) is a partially ordered set with the least element 0. A BCK-algebra K is said
to be with condition (S) if, for all z,y € K, the set {z € K | z 2 < y} has a greatest
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element, written zoy. A mapping f : K — K' of BCK-algebras is called a homomorphism if
flzxy) = f(z)* f(y) for all z,y € K. A non-empty subset M of a BCK-algebra K is called
a subalgebra of K if z xy € M for all x,y € M. A non-empty subset M of a BCK-algebra
K is called an ideal of IC if

(I1) 0 e M,

(I12) zxy € M and y € M imply x € M
for all z,y € K.

We now review some fuzzy logic concepts. Let K be a set. A fuzzy set in K is a function
u: K — [0,1]. Let f be a mapping from a set K into a set K'. Let v be a fuzzy set
in K’. Then the inverse image of v, denoted by f~'[v], is the fuzzy set in K defined by
FV)(z) = v(f(x)) for all x € K. Conversely, let u be a fuzzy set in K. The image of p,
written as f[u], is a fuzzy set in K' defined by

Flulw) = { Sup.csoa(y m(z) i FNy) £,

0 otherwise,

for all y € K', where f~1(y) = {z | f(z) =y}
A fuzzy set p in a BCK-algebra [ is called a fuzzy subalgebra of I if

p(x *y) > min{u(z *y), u(y)}

for all z,y € K. A fuzzy set p in a BCK-algebra K is called a fuzzy ideal of I if
(FI1) u(0) > p(z),
(FI2) p(z) > min{u(z *y), u(y)}
for all z,y € K. Note that a fuzzy set p in a BCK-algebra K is a fuzzy ideal of K if and

only if the non-empty level set U(y;a) := {x € K | u(z) > a} is an ideal of K for every
a € [0,1].
An interval-valued fuzzy set (briefly, i-v fuzzy set) A defined on K is given by

A = {(a, [u5 (@), ¥ (@)}, Var € K (briefly, denoted by A = [, u5)),

where p4 and pY are two fuzzy sets in K such that pk(z) < pY(z) for all x € K.

Let fia(z) = [ph(z),p4(z)], Vo € K and let D[0,1] denotes the family of all closed
subintervals of [0,1]. If u4(z) = pY(z) = ¢ (say) where 0 < ¢ < 1, then we have fia(z) =
[c, c] which we also assume, for the sake of convenience, to belong to D[0,1]. Thus jis(z) €
DJ0,1], Vz € K, and therefore the i-v fuzzy set A is given by

A={(z,pa(z))}, Vo € K, where fia: K — DI[0,1].

Now let us define what is known as refined minimum (briefly, rmin) of two elements
in D[0,1]. We also define the symbols “>”, “<”, “=" in case of two elements in D[0, 1].
Consider two elements Dy := [ag, b1], D3 := [az,b2] € D[0,1]. Then

rmin(Dy, Dy) = [min{a, az }, min{by, bo }];
D, > D, if and only if a; > ay and by > bo;
and similarly we may have D; < Dy and Dy = D-.
3. Interval-valued fuzzy subalgebras

In what follows, let K denote a BCK-algebra unless otherwise specified. We begin with
the following two propositions.
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Proposition 3.1. Let f be a homomorphism from a BCK-algebra K into a BCK-algebra
K'. If v is a fuzzy subalgebra of K', then the inverse image f ‘[v] of v is a fuzzy subalgebra
of K.

Proof. For any z,y € K, we have
FHW@ ) = v(f(z xy) = v(f(2) * f(y))
= min{v(f(x)),v(f(y))}
= min{f ™' [v](z), f ' [V](y)}-
Hence f~1[v] is a fuzzy subalgebra of K. O

Proposition 3.2. Let f : K — K’ be a homomorphism between BCK-algebras KC and K'.
For every fuzzy subalgebra p of KC, the image f[u] of p is a fuzzy subalgebra of K'.

Proof. We first prove that
(x1) FHy) * 7 y2) © FH(yn + )
for all y1,y> € K'. For,if z € fL(y1)* f '(y2), then z = x1 x x5 for some x; € f~1(y;) and
79 € f1(y2). Since f is a homomorphism, it follows that f(z) = f(z1x22) = f(z1)*f(22) =
Y1 * Y2 so that = € f=(y; * y2). Hence (x1) holds. Now let yi,y> € K’ be arbitrarily
given. Assume that y; * yo ¢ Im(f). Then flu](ys * y2) = 0. But if y; * yo ¢ Im(f),
e, f7'(y1 *y2) = 0, then f~'(y1) = 0 or f~'(y2) = 0 by (x1). Thus f[u](y1) = 0 or
F1H)(y2) = 0, and so

Fll(yr *y2) = 0 = min{ flu](y1), flul(y2)}-

Suppose that f~1(y; * y2) # 0. Then we should consider the two cases:
(i) f7 ) =0 or f7(y2) =0,
(i) f7"(y1) #0 and 7' (y2) # 0.

For the case (i), we have f[u](y1) =0 or f[u](y2) =0, and so

Fld(yr * y2) > 0 = min{f{u](y1), flul(y2)}-
Case (ii) implies from (*1) that

flul(yr xy2) = sup  p(z2) > sup w(z)
z€f 1 (y1%y2) z€f~Y(y1)*f~1(y2)
= sup p(@1 x x2).

1€ (y1), w2 €F 7 (y2)
Since p is a fuzzy subalgebra of I, it follows from the definition of a fuzzy subalgebra that
flul(ys *y2) > sup min{pu(z1), p(2)}
z1€f 7 (Y1), 22€f 7 (y2)

= ap (min{ swp (), u))
z1€f 71 (y1) z2€f 1 (y2)

sup  (min{p(z1), sup p(22)})
v €~ (y1) z2€f~1(y2)

= sup (min{u(z1), flul(y2)})

z1€f =1 (y1)

=min{ sup p(z1), flul(y2)}

z1€f 1 (y1)
= min{ f[u](y1), fl1](y2)}-

Hence flu](y1 * y2) > min{f[p](y1), flu](y2)} for all y;,y2 € K'. This completes the
proof. O
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Definition 3.3. Ani-v fuzzy set A in K is called an interval-valued fuzzy subalgebra (briefly,
i-v fuzzy subalgebra) of K if

fa(z *y) > rmin{fia(z), ia(y)}
for all z,y € K.
Example 3.4. Let K = {0,a,b,c} be a BCK-algebra with the following Cayley table:

*|0abc
0 0000
a a 00 a
b baOobd
c cccO

Let an i-v fuzzy set A defined on K be given by

A () { [0.3,0.8] if z € {0,b},
xTr) =
pa [0.1,0.5] otherwise.
It is easy to check that A is an i-v fuzzy subalgebra of K.
Lemma 3.5. If A is an i-v fuzzy subalgebra of K, then fis(0) > fia(z) for all x € K.

Proof. For every x € I, we have

4 (0) = fua(a ) > rmin{jia (@), fia(2)}
— rmin{[u} (2), u§ ()], (15 (2), n ()]}
U

= (i (2), 3 (2)] = fa(2),
completing the proof. [

Theorem 3.6. Let A be an i-v fuzzy subalgebra of KC. If there is a sequence {x,} in K
such that

T}L)H;oﬂA(xn) = [17 1]7

then fiz(0) = [1,1].
Proof. Since 14(0) > pa(x) for all z € K, we have ia(0) > fa(z,) for every positive
integer n. Note that
[1,1] > 4(0) > lim jia(e,) = [1,1]
Hence 4 (0) =[1,1]. O

Theorem 3.7. An i-v fuzzy set A = [uk, Y] in K is an i-v fuzzy subalgerba of K if and
only if u% and uY are fuzzy subalgebras of K.

Proof. Suppose that uX and 1Y are fuzzy subalgebras of K. Let ,y € K. Then

fia(m x y) = [ph(z * y), pi (@ + y)]

[min{pfi (z), pi ()}, min{pl (z), x5 (1)}]
rmin{[pi (z), p3 ()], (Wi (W), n% @)1}
rmin{fia(z), ia(y)}-

v
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Hence A is an i-v fuzzy subalgebra of K.
Conversely, assume that A is an i-v fuzzy subalgerba of K. For any z,y € K, we have

Wh(z*y), i (z * y)] = palz *y) > mmin{aa(z), fay)}
= rmin{[pf (z), p5 ()], (05 (W), kS W)}
= [min{p}(z), p{(y)}, min{pY (), L5 (W) }].

It follows that 14 (z + y) > min{uh(e), & (y)} and j(z # ) > min{u(e), 1 (3)}. Hence
pk and pY are fuzzy subalgebras of K. O

Theorem 3.8. Let A be an i-v fuzzy set in K. Then A is an i-v fuzzy subalgebra of K if
and only if the non-empty set

U(A;[01,02]) :={z € K | ia(z) > [61,02]}

is a subalgebra of K for every [01, 2] € DI0,1].

We then call U(A4;[01,62]) the i-v level subalgebra of A.
Proof. Assume that A is an i-v fuzzy subalgebra of K and let [d;, 2] € D[0, 1] be such that
x,y € U(A;[01,92]). Then

fia(z *y) > rmin{fia(z), Ba(y)} > rmin{[d1, 6], [01, 62]} = [61, 02],

and so x *y € U(A4;[61,82)). Thus U(A;[d1,62]) is a subalgebra of K.

Conversely, assume that U(A4;[d1,d2]) (# 0) is a subalgebra of K for every [d1,d2] €
D[0,1]. Suppose there exist g, yo € K such that

fia (o * yo) < rmin{fia(zo), fia(yo)}-
Let fa(wo) = [1,72], Ba(yo) = [73,74]; and fia(zo * yo) = [01,d2]. Then
[01,02] < rmin{[y1,72], [v3,74]} = [min{y1,75}, min{72,74}].

Hence 6; < min{vy;,7v3} and dy < min{vys,v4}. If we take

il = 3 (a0 o) + rmin{a(zo), ia (o))
then

1, ] = 5 (081,821 + Iminf, 753, ming, 7))

= (20 + min{31,7%5}). 5 (6 + min{y2, 7))

It follows that 1
min{y;,y3} > A\ = 5(51 + min{y1,73}) > &1

and

min{yz, ¥4} > A2 = = (62 + min{ra,v4}) > o

5(
so that [min{vy;, s}, min{ye,v4}] > [A1, A2] > [01,02] = fia(zo * yo). Therefore xo * yo ¢

U(A; [A1,Az])- On the other hand,

pa(zo) = [y1,72] > [min{yi,y3}, min{y2,v4}] > [A1, Ao]
and
Ba(yo) = [v3,7a] > [min{y1,y3}, min{y2,ya}] > [A1, Ao,

and 50 o, Yo € U(A;[\1, X2]). It contradicts that U(4; [\, A2]) is a subalgebra of K. Hence
pa(z*y) > rmin{fa(z), ga(y)} for all z,y € K. This completes the proof. O
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Theorem 3.9. Every subalgebra of K can be realized as an i-v level subalgerba of an i-v
fuzzy subalgebra of K.

Proof. Let M be a subalgebra of I and let A be an i-v fuzzy set on K defined by

_ ( ) { [Cll,a2] if I'GM,
xTr) =
pa [0,0] otherwise,

where oy, s € (0,1] with a; < as. It is clear that U(A4;[a1, as]) = M. We will show that
A is an i-v fuzzy subalgebra of K. Let z,y € K. If z,y € M, then x xy € M and so

fia(z xy) = [01, 02) = min{[a1, az], 01, 00]} = rmin{fia(z), Fa(y)}.
If 2,y ¢ M, then fia(z) = [0,0] = fia(y) and thus
fia(z +y) > [0,0] = rmin{[0, 0], [0, 0]} = rmin{pia(z), ia(y)}.
If 2 € M and y ¢ M, then fis(z) = [a1, 0] and fis(y) = [0,0]. It follows that
fia(z *y) = [0,0] = rmin{[ay, a2], [0, 0]} = rmin{fia(z), fia(y)}-

Similarly for the case z ¢ M andy € M, we get ia(zxy) > rmin{fia(x), Ga(y)}. Therefore
A is an i-v fuzzy subalgebra of K, and the proof is complete. O

Theorem 3.10. Let M be a subset of K and let A be an i-v fuzzy set on K which is given
in the proof of Theorem 3.9. If A is an i-v fuzzy subalgebra of KC, then M is a subalgebra
of K.

Proof. Assume that A is an i-v fuzzy subalgebra of K. Let z,y € M. Then ja(z) =
[a1, 2] = ia(y), and so

fa(z*y) > rmin{fia(2), fa(y)} = rmin{lag, az], [ar, as]} = [an, az].

This implies that x x y € M. Hence M is a subalgebra of . O

Theorem 3.11. If A is an i-v fuzzy subalgebra of I, then the set
Kaa =A{z € K| pa(z) = pa(0)}

is a subalgebra of K.
Proof. Let z,y € Kz,. Then fia(z) = 1a(0) = a(y), and so

fia(z xy) > rmin{fis(2), fia(y)} = rmin{fia(0), 14 (0)} = fi(0).

Combining this and Lemma 3.5, we get fia(z *y) = a(0), i.e., zxy € Kz,. Hence Kz, is
a subalgebra of L. O

Definition 3.12 (Biswas [1]). Let f be a mapping from a set K into a set X'. Let B be
an i-v fuzzy set in K'. Then the inverse image of B, denoted by f![B], is the i-v fuzzy set
in K with the membership function given by fiz-1(p)(z) = ip(f()) for all z € K.
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Lemma 3.13 (Biswas [1]). Let f be a mapping from a set K into a set K'. Let m =
[mY,mY] and n = [n*,nY] be i-v fuzzy sets in K and K', respectively. Then

i) f7'n) =[f~' ("), f7 ()],

(i) f(m) =[f(m"), f(m")].
Theorem 3.14. Let f be a homomorphism from a BCK-algebra K into a BCK-algebra
K'. If B is an i-v fuzzy subalgebra of K', then the inverse image f~1[B] of B is an i-v fuzzy
subalgebra of K.

Proof. Since B = [uk, u%] is an i-v fuzzy subalgebra of X', it follows from Theorem 3.7 that
pk and pY are fuzzy subalgebras of K'. Using Proposition 3.1, we know that f~![u%] and
1 [pY] are fuzzy subalgebras of K, Hence, by Lemma 3.13 and Theorem 3.7, we conclude
that f=1[B] = [f~'{uk], f~'{uY]] is an i-v fuzzy subalgebra of K. O

Definition 3.15 (Biswas [1]). Let f be a mapping from a set K into a set £'. Let A be
an i-v fuzzy set in K. Then the image of A, denoted by f[A], is the i-v fuzzy set in K' with
the membership function defined by

firia)(4) = { 1Sup.esi(piialz), i fHy) # 0, Vy €K,
Hrary) = [0,0], otherwise,
where f~1(y) = {z | f(z) = y}.

Theorem 3.16. Let f be a homomorphism from a BCK-algebra K into a BCK-algebra
K'. If A is an i-v fuzzy subalgebra of K, then the image f[A] of A is an i-v fuzzy subalgebra
of K'.

Proof. Assume that A is an i-v fuzzy subalgebra of K. Note that 4 = [pf, Y] is an i-v
fuzzy subalgebra of K if and only if u4 and uY are fuzzy subalgebras of K. It follows from
Proposition 3.2 that the images f[u] and f[uY] are fuzzy subalgebras of K’'. Combining
Theorem 3.7 and Lemma 3.13, we conclude that f[A] = [fluh], f[uY]] is an i-v fuzzy
subalgebra of K'. O

4. Interval-valued fuzzy ideals

Definition 4.1. An i-v fuzzy set A in K is called an interval-valued fuzzy ideal (briefly, i-v
fuzzy ideal) of I if

(V1) 1a(0) > fia(z),

(IV2) fiale) > rmin{fia(z +y), ia(v)}
for all z,y € K.

Example 4.2. Let £ = {0,a,b,c} be a BCK-algebra in Example 3.4. Let A be an i-v fuzzy
set in K defined by f4(0) = [0.5,0.8], ia(a) = pa(b) = [0.3,0.6] and fa(c) = [0.2,0.3].
Routine calculations give that A is an i-v fuzzy ideal of K.

Proposition 4.3. Let A be an i-v fuzzy ideal of K. If the inequality = xy < z holds in K,
then fia(z) > rmin{fia(y), fia(z)}.
Proof. Assume that the inequality = =y < z holds in K. Then

fia(z *y) > rmin{fia((z *y) * ), ia(2)} = rmin{ia(0), a(2)} = pa(2),

which implies from (IV2) that g4 (z) > rmin{ia(z *y), Ga(y)} > rmin{fa(y), 5a(z)}. The
proof is complete. [
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Lemma 4.4. For any i-v fuzzy ideal A of K, if x <y in K then fis(z) > jia(y).
Proof. Assume that ¢ <y in K. Then

fia(x) 2 rmin{fia(z * y), pa(y)} = rmin{a(0), pa(y)} = a(y).
This completes the proof. O
Theorem 4.5. Any i-v fuzzy ideal of K is an i-v fuzzy subalgebra of K.
Proof. Let A be an i-v fuzzy ideal of K. Since z xy < z for all z,y € K, it follows from
Lemma 4.4 that fis(z) < fia(z *y). Hence by (IV2), we have
fia(z *y) > pa(@) > rmin{fia(z « y), faly)} > rmin{iia (), ma(y)}-
Therefore A is an i-v fuzzy subalgebra of K. O
The converse of Theorem 4.5 need not be true in general.

Example 4.6. The i-v fuzzy subalgebra A in Example 3.4 is not an i-v fuzzy ideal, since
fia(a) < rmin{fia(a*b), ia(b)}.

We give a condition for an i-v fuzzy subalgebra to be an i-v fuzzy ideal.
Theorem 4.7. An i-v fuzzy subalgebra A of K is an i-v fuzzy ideal of K if and only if for
all z,y € K, the ineguality x x y < z implies fia(z) > rmin{fa(y), za(2)}.
Proof. (=) It follows from Proposition 4.3.

(<) Suppose that A is an i-v fuzzy subalgebra of K satisfying that if x xy < z in K then
pa(z) > rmin{fia(y), pa(2)}. Since z * (z * y) < y, it follows from the hypothesis that

fia(x) = rmin{fia(z * y), fia(y)}-

Hence A is an i-v fuzzy ideal of K.

Definition 4.8. Let £ be a BCK-algebra with condition (S). An i-v fuzzy set A in
IC is called an interval-valued fuzzy o-subalgebra (briefly, i-v fuzzy o-subalgebra) of I if
fia(zoy)>rmin{jia(z),@a(y)} for all z,y € K.

Theorem 4.9. Let K be a BCK-algebra with condition (S). Then every i-v fuzzy ideal of
K is an i-v fuzzy o-subalgebra of K.

Proof. Let A be an i-v fuzzy ideal of K. Since (zoy)*xz <y for all z,y € K, it follows from
Lemma 4.4 and (IV2) that

fia(z o) > rmin{fia((@ o y) + @), ia(2)} > rmin{jia(y), fea (@)},
Hence A is an i-v fuzzy o-subalgebra of . O

Proposition 4.10. Let K be a BCK-algebra with condition (S) and let A be an i-v fuzzy
ideal of K. If the inequality © < y o z holds in K, then fis(x) > rmin{fa(y), 5a(2)}.
Proof. Assume that the inequality < y o z holds in K. Using (IV1), (IV2) and Theorem
4.9, we have
fia(x) = rmin{fia(z * (y 0 2)), ha(y © 2) }
> rmin{7i(0), fia(y o 2)}
= pa(y o z) = rmin{fia(y), fa(z)}-

The proof is complete. [

We give a condition for an i-v fuzzy set in a BCK-algebra with condition (S) to be an
i-v fuzzy ideal.
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Theorem 4.11. Let A be an i-v fuzzy set in a BCK-algebra K with condition (S). Then
A is an i-v fuzzy ideal of K if and only if it satisfies:

(IV3) z <yozinK implies fi(x) > rmin{fia(y), fia(2)}.

Proof. (=) It follows from Proposition 4.10.

(<) Let A be an i-v fuzzy set in K satisfying (IV3). Since 0 < z oz for all z € K, it
follows from (IV3) that f4(0) > rmin{fia(z),fa(z)} = fGa(z) for all z € K. Note that
x < (zxy)oy for all z,y € K. Hence by (IV3), we obtain fia(z) > rmin{fa(z *y),ma(y)},
which proves (IV2). Consequently, A is an i-v fuzzy ideal of . O

Theorem 4.12. Let A be an i-v fuzzy set in K. Then A is an i-v fuzzy ideal of K if and
only if the non-empty set

U4 m,7]) ={z € K| fia(z) > [11,72]}

is an ideal of KC for all [y1,72] € DJ0, 1].

Proof. Assume that A is an i-v fuzzy ideal of K and let [y1,72] € DJ[0,1] be such that
z € U(A;[71,72]). Then pa(0) > pa(z) > [y1,72], ie, 0 € U(4;[n,72]). Let 2,y € K
be such that z xy € U(A4;[v1,72]) and y € U(A;[v1,72]). Then fia(z *xy) > [y1,72] and
2a(y) > [71,72]. It follows from (IV2) that

pa(z) > rmin{fia(z *y), pay)} > rmin{[y1, 7], [v1,7%2]} = [71,72]

so that = € U(A4;[y1,72]). Hence U(A;[y1,72]) is an ideal of K. Conversely, suppose that
U(A;[y1,72])(# 0) is an ideal of K for all [y1,72] € D[0,1]. Assume that there exists a € K
such that fia(0) < fia(a). Let ga(0) = [0%,0Y] and fia(a) = [aX,aV]. Then 0L < al and
0Y < aV. If we take [6,02] := 1(fia(0) + ia(a)), then [61,85] = [5(0L + o), $(0Y + aY)].
Hence 0¥ < 6, < a” and 0V < 65 < oY, which imply that

f4(0) = [07,0Y] < [61,0:] < [aF, aY].

This shows that 0 ¢ U(A4;[d1,d2]), which leads to a contradiction. Therefore fi4(0) > jia(z)
for all 2 € K. Now suppose that there are a,b € K such that fis(a) < rmin{fia(a*b), ia(b)}.
Let fia(a) = [a¥,a"], fa(a xb) = [(a * b)L, (a *b)Y] and f14(b) = [bL,bY]. Put [B1, Ba] :=
+(a(a) + rmin{fia(a xb), 1a(b)}). Then

LoV & min{(a+ )7, 1],

[B1, B2] = [%(aL + min{(a * b)%, b%}), 3

and so al’ < 81 < min{(a *b)%,b"} and aV < B < min{(a * b)Y, bY}. It follows that
fia(a) = [a¥,a"] < [B1, Ba] < [min{(a * b)~, b}, min{(a * b)¥, bV }]

so that a ¢ U(A4;[B1,5]). But fia(a xb) = [(a*b)", (axb)V] > [61,0:] and fa(b) =
[bE, Y] > [B1, B2], i-e., ax b € U(A;[B1,B2]) and b € U(A;[B1,B2]). This leads to a contra-
diction. Consequently, fia(a) > rmin{fia(x*y),1a(y)} for all z,y € K. This completes the
proof. O
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Theorem 4.13. An i-v fuzzy set A = [uk, uY] in K is an i-v fuzzy ideal of K if and only
if pi and pY are fuzzy ideals of K.

Proof. Assume that A is an i-v fuzzy ideal of K. For any = € I, we have
[14(0), X (0)] = 14 (0) > fia(2) = [ (@), iz (2)].

It follows that u%(0) > pki(x) and p4(0) > pY(z). Let z,y € K. Then

Y%

(Wi (2), u5(2)] = fia(x) > rmin{fia(z * y), fay)}
= rmin{ [ (z * ), u% (z * y)], (5 (), B3]}
= [min{pf (z * y), p5 ()}, min{p’ (z = y), u% ()},

and 5o ik (z) > min{yik (0 + ), 1k ()} and uY(2) > min{ul(z y), u4 (y)}. Hence & and
pY are fuzzy ideals of K.

Conversely, suppose that p4 and pY are fuzzy ideals of K. Then the non-empty level
sets U(uk;an) and U(uY; as) are ideals of K where a1, as € [0,1] and oy < as. Noticing
that U(A4;[a1,as]) = U(ph; 1) NU(pY; az) which is an ideal of K, and applying Theorem
4.12, we know that A is an i-v fuzzy ideal of K. O
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